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Operational Analysis of an Autonomous
Assembly Robotic Station

ABRAHAM SEIDMANN anp SHIMON Y. NOF

Abstract—This paper presents operational analysis models of au-
tonomous assembly robotic stations. Robotized assembly systems are
programmable and therefore provide a cost-effective solution for the as-
sembly of small batch sizes. Assembly tasks completions and quality con-
siderations require task repetition and rework of a certain portion of the
assembled items within the station. Concepts from stochastic processes
are used to investigate the structural properties governing the probabilis-
tic relationships of the total and functional batch times and the number
of reworks. Further, a new model of industrial controlled rework is devel-
oped for stations with a bounded number of rework atiempts and distinct
rework rates at each trial, Explicit performance and cost measures of the
robot operations at the task, product, and at the assembly system levels
are derived. Capacity design examples illustrate various manufacturing
planning considerations such as production throughput, operational ef-
ficiency, robot speed, rework rates, and station size.

I. INTRODUCTION

OBOTIC production facilities are designed with the con-

cept of cell or station to provide modularity, flexibility,
and controllability. A unitary robotic assembly station allows
only a single work-order to be processed in the robotic station
at a time. The basic premise in applying the unitary concept to
process robot stations is that all the station resources should
be devoted to assemble a high-quality product before it is
allowed to exit. Thus inspection is included in the robotic
work program, as well as rework and recovery from errors
and poor quality. It results in zero defects production with
minimal work-in-process inventories. Industrial applications
of a unitary work station are described in [2], [5], [14], [18]
and in recent articles in the Journal of Assembly Engineering
[1983 and on].

The concept of a unitary robotic station and flow model
to analyze its characteristics were introduced in [18]. Further
theoretical developments are presented in [19] and [20], and
comparisons of the model results to empirical simulations are
presented in [23].

The purpose of this paper is to extend the operational anal-
ysis of a flexible assembly robotic station based on the above
model and theory, and to analyze several important issues
involved in the design of such stations. First, let us briefly
describe the unitary cell model.

Manuscript received January 29, 1986; revised January 29, 1988. This
work was supported in part by the IBM program of support for Education in
Management of Information Systems and in part by the Center for Manufac-
turing and Operations Management (CMOM) at the University of Rochester.

A. Seidmann is with the William E. Simon Graduate School of Business
Administration, University of Rochester, Rochester, NY 14627.

S. Y. Nof is with the School of Industrial Engineering, Purdue University,
West Lafayette, IN 49707.

IEEE Log Number 8823375.

COMPONENTS PRODUCTS

Tus(ZL+LDB

ASSEMBLY
ey

Ta* B

RECOVERY 8
REWORK

Fig. 1. Pars flow in a unitary cell.
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Fig. 2. Schematic structure of a SCARA robotic assembly station with in-
spection and rework capabilities.

Given the inherent difficulties of the industrial assembly
process, (e.g., alignment, clearance, and orientation prob-
lems) the unitary assembly station model assumes that each
assembly station includes two types of activities: 1) Regular
assembly tasks, including inspection, considered as the /main
tasks, designated M; 2) the other type of activities includes
the rework or error recovery tasks, designated R, that are
required occasionally. When an assembly has completed the
regular assembly tasks it is also inspected. It will leave the sta-
tion if it passes inspection. Otherwise, it will be recirculated
for rework R and then return to repeat the main assembly
tasks M. No other assembly can enter the station until a suc-
cessfully finished system leaves it. Denote by g0 < g < 1)
the probability to pass inspection and by p = 1 — g the prob-
ability to remain for rework.

Fig. 1 illustrates the parts flow inside the cell. The layout
of a unitary cell designed for the assembly of odd-shaped
components is given by Fig. 2.

In the next section we present a summary of notations and
previous research results. This is followed by the development
of new common relationships in Section III. The analysis of
cell operations with limited number of reworks and distinct
rework probabilities is carried out in Section IV. These results
are then applied to the performance evaluation of flexible as-
sembly robotic stations in Section V, and Section VI presents
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TABLE I
SUMMARY OF GENERAL MEASUREMENTS

Measure Mean Value Variance Value
1) No. of visits in area M: un = B/q e} = Bp/q’
2) Total time in arca M: unm = Bup/q of, = B(pp%,/q + a},)/q
3) Total time in area R: ur = Bpug/q o,% = B(ppﬁ/q + pa})/q

4) Total time in the station:

ne = B(up + pur)/q

of = Bp(pm + ur)?/q* + Bloy, + pog)/q

5) Covariance of Ty; and Ti: COVR (T, TR) = Bpupnr/q?

6) Correlation coefficient of Ty and Tk: p(Txy, TR) = COVR (Tyxy, TR)/ (0jy * oR)

two industrial robotic cell design examples. Section VII con-
cludes the paper.

II. NOTATIONS AND SUMMARY OF PREvVIOUS RESULTS

The model treats the case of producing a batch of B iden-
tical parts by the station. Let Tj, and Tk denote the ac-
tual time for working one part once at M or R, respec-
tively, and by Ty, and T; the total time at M and R for
the entire batch. The total batch time is 8§ = Ty + Tk.
We let Ha (1), Hr(8), Hys(t), Hi(t), and Hy(f) denote the cu-
mulative probability functions for Tas, Tg, Tar, Tk, and 0,
respectively, where the first two distributions are given and
the last three are desired. The corresponding density func-
tions are har(1), hp(0), hy(1), hg(8), and hg(f). The mean and
variance of these distributions are denoted by u,, and a,%,, UR
and o}, etc.

Next, we denote by N the number of visits at M to complete
a batch of B items. Since the number of visits by one part
to M is a Bernoulli trial with success probability g, N has a
negative binomial distribution

n-1

Pr{N=n]= (n—B)p"-qu' n=BB+1,...

)
with mean py = B/q and variance ¢}, = Bp/q*.
Given hy(1), hg(1), and p, the probability density functions
of Ty, Tr, and @ are

i -1 <
i) = X ( " B)p”"’q”hmr) ” @
n=8

o0

hi(t) = 3 <":

n
n=B

0 .- -
B)p" PP hr()* P 3)

ho() = 3 ( o ;),,"-qu[h;;"’ « 157710 @
n=8

where * denotes convolution, *(n) denotes an n-fold convo-
lution, and A*® (r) = 5(¢), the Dirac delta function.
Finally, the coefficient of variation of N (= total number
of passes through M) and @ (= total station time) are given
by
COV,, UN/[I.N

(p/B)°3

il

®)

and

COVy = 0g/pp

(P(pm + pr)?
+ q(ok + pa)®S /(B (um + prg)).  (6)

Table I presents a summary of several other general mea-
sures, developed previously in [18], {19].

1. CoMMON RELATIONSHIPS

Investigating the relations between the number of reworks
and the cell throughput several new expressions are derived;
these include the joint distribution functions, the covariance,
and the correlation coefficients.

A. The Joint Distribution Functions
We first discuss a single product case (B = 1). Recall that
the probability that a single assembly passes only once through
area M(N = 1), while it sojourns in the cell no longer than
time ¢, is given by
0 t,) =Pt N=1,t<T)=qgHW(T) (D

and for N = 2, is equal to

@i(t,2) = Pr (N = 2,1 < T) = qplH}y * Hgl(t). (8)

Similarly, the joint distribution function of # and N is given
by
- N N-1) )
wit,N) = gp""'IH}y * Hr )0, ©)
The expression given by (9) is difficult to evaluate and the
following mixed transform is used for computing the moments
of key functional relationships:

N=1.

@y(5,2) = S Y Ve w\(t,N) dt,
0 N=1

lz] < 1 (10)

s> 0.

Denoting by Hp(t) and Hg(?) the Laplace transforms of
Hp () and Hg(1), respectively, leads to

G1(5,2) = q{zHu(s) + 3 VoV Hus)VHR(V Y.
N=2
' an

Fortunately, the sum of the infinite geometric series in (11)
converges for any given |z| < 1 and s > 0; then we can
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write:
qzH 4 (s)
1 — 2pHp(s)Hg(s)’

@(s,2) = §>0,z| > 1.

(12)
The moments of ¢ and N are computed by the partial deriva-
tives of (12) with respect to s and z and by setting z equal to
one and s equal to zero, respectively.
In the general case, B = 1,2,---and N=B,B+1....
The joint distribution of # and N is now

wg@,N)=Pr @ < T,N = n), t>0
n=2828+1,-...
(13)
From (13) and from [19, eq. (18)] one can verify that
ws@,N) = (7 L) pr-mgmrga® Py
N-B
(14)

Since the convolution operator is associative and commu-
tative we use the general properties of the Laplace transform
of (14) to obtain

qzHp(s) ] ?
1 = zpHp(s)H R (5)

Expression (15) is used next to compute the covariance and
the correlation coefficients of 8 and N.

Bp(s,2) = [ (15)

B, The Covariance of the Cell Times:io and N

In order to compute the covariances of § and N we first
define by 6; and N; the total time in the cell and the total
number of visits to M by the ith assembly, 1 < i < B. Since

B
VEN,'=N

i=1

B
> 6;=06 and
i=1

the covariance of # and N is given by

COVR(9,N) = E{(6 — E@)(N - E(N)}

e{(§-e(5 )
(G )

- E {( § 6 - E(o,-»x § W - E""f?’)}

i=1

. _
=E {2 [6; — E@))N; — EIN)]

J=1

B
+2 Y [(8; — E@)WN; - E(N,))J} .

j<i

(16)

The term
E{(8; — E@6)))(N; = EWN))}

is the covariance of 6; and N;. For each assembly j € B we
have -

COVR;(6;, N;) = E(9; N;) — E(6,)EN;) (17
and then
E(OJM) = SO E Nj0jw|(0j,Nj) dOJ (18)
N;=1

This term is directly evaluated from

a Jd -
E(Ojl\/j) = -52 . 5;0)1(3,2)
= (1 + P pum + 2pur)/q*>, s=0,z=1.
(19

Thus the covariance term in (17) is
COVR;(6;, N)) = p(un + pr)/q’. (20)

The second summation term in (16) vanishes since COVR
(0i,N;) = 0 for every j < i (due to the independence of 6,
and NV;). Substituting (20) into (16) leads to the desired final
result

COVR (0,N) = Bp(pm + ur)/q’. @1

The correlation coefficient of 6 and N is
p(0,N,) = COVR (8,N)/(ag * on)

_ [1 (@2 +pa§)q] o
Plum + pr)?

Equation (22) proves that the correlation coefficient p(6, N')
is independent of B. It increases with the means of Ty, and T
(namely, pups, ur) and decreases as their respective variances
(namely, o2, 02) increase.

(22)

C. The Covariance of the Areal Times: Ty, Tk, and N

Thc values of COVR (T4, N) and COVR (Tk, N) can be
derived from the joint distributions of the areal times ((2) and
(3)) or directly from (21). This leads to

COVR (T3, N) = Bpup/q* (3) -

and
COVR (Tk,N) = Bpur/q*. 4)

D. The Correlation Coefficients of the Areal Times:
Ty, Th, and N

Following similar analysis the relevant correlation coeffi-
cients are derived as

o(Ti, N) = pu( sy + qoly/p)~ "2 25
and . ‘
p(T,N) = pp(pk + qo})~'72. (26)

The relationship between these correlation coefficients and
the rework probability at the cell is illustrated by Fig. 3 for
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Fig. 3. The correlation cocfficicnts as a function of the rework probability.

the case of upy = 141,00y = 40,ur = 10, and o = 12.
These numbers represent the time (in seconds) of a water
pump assembly station designed for a major manufacturer of
domestic dishwashers. Notice the relative differences between
these functions for the small valucs of p. While the curves
generated by those equations vary greatly according to the
input data they do illustrate that for small values of p the
actual number of reworks is loosely correlated with the times
in M and R, and conversely for larger values of p. The figure
also illustrates the interesting fact that unlike p(Tjs, N) the
curve of p(Tk, N) does not start at zero and as a result has a
smaller change in magnitude as p increases.

IV. LimiTED NUMBER OF REWORKS WiTH UNEQUAL
REWORK PROBABILITIES
The first model below assumes distinct rework rates at each
trial. It is followed by an analysis of three common cases:
Constant, Decreasing, and Increasing rework rates.

A. Notation

The previous studies of the unitary stations assumed that in
order to obtain a perfect yield each produced item is recycled
and reworked until it passes inspection. In certain designs,
however, the number of trials is limited for practical reasons.
This section analyzes those cases in which the number of visits
at M is limited to J(J > 1): The rework probability after the
ith visit to M is p; where p = (py,p,,---,p;) is the rework
probability vector. For brevity, we present here only the single
part case (B = 1).

B. The Distribution of the Number of Reworks
In this station we get that

pi = Pr [ith visit to M fails/all (i — 1) previous visits to M
are failures] and k’(n) = Pr [n visits to M, where only the
nth visit is successful]

1 - P, n=1
k'(m) = { @n
PPz Pyl =ps), 2=sn=<J.
Since the number of reworks is limited define
K = Pr [J visits to M, all failures]
(28)

P\p2-Py.

/

The probability density function of k(n) is given by k(n) =
Pr [N =n]

k'(n), n
J-1
KWJ)+ Kk = Hp,-, n

'II

,2,-.-,J -1

kim) = J.

29

Consider, for instance, a unitary station with J = 3; the
evaluation of its operational performance characteristics fol-
lows the general scheme of the previous sections. Assuming,
for generality, distinct rework probabilities leads to

k(1) = 1-p;
k(2) = pi(1 - py)
k(B3) = pip2(1 = p3) + pipaps

= pipP2- (30)
The mean value of N is
J J-1 , i
pv = 3 k() =1+ Hm) 31
j=1 i=1 Sj=1
and the variance of N is
J
of = X 2%k(@) ~ Wi (32)
z=1

The total cell time probability density functions for J = 3
is :
*(2)

ho(6) = k(Dhp(6) + kQ)lhss * hg)(@)

*3) +(@)

+k3)Mhar  * hp ). (33)

C. Total Cell Times

The mean pg and the variance of ¢ of 8 can be computed
from hg(t) above. Since this function is not convenient for
direct numerical evaluation these parameters are derived here
using the well-known distribution independent results for the
mean and variance of a random sum of random variables [4].

-Recalling that each item passes N times through M and (N—1)

times through R one gets that

o = ppmpn + pr(un — 1 34)
and

0§ = (un = DO + 0R) + (um + pg)0f + 0. (35)
The expected throughput of good items per time unit is, in
general, equal to

J
TP(J,p) = (1 - Hpi)/#o. (36)
i=1

and if J = 3, then
TP3,p) = (1 — p\pap3)/pe.
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Following this illustration, the interested reader can con-
struct the other performance characteristics similar to the com-
plete set of Table I above. It should be pointed out that in cer-
tain industrial cases (i.e., J > 3), the expected differences
between the results of the unlimited rework model (Section
II) and the limited rework model (Section IV) are significant.
The latter model is more accurate in practice.

For examples, consider two models of operating such an
assembly station with upy = 25,00 = 6,ur = 56, and
or = 49. One mode of operations allows unlimited number
of reworks attempts and other assumes a limited number of
reworks with J = 2,3, and 4. Fig. 4 depicts the expected
hourly throughput of good products as a function of the re-
work probability p for these four cases (J = 2,3,4, and
o). The absolute hourly difference in throughput between
the cases of limited and the unlimited number of rework at-
tempts [ TP(J, p) — TP(e, p)) and the relative differences
in throughputs [ TP(J,p) — TP(c, p))/ TP(co, P)) are pre-
sented by Figs. 5 and 6, respectively.

Absolute differences in throughputs between unlimited and limited
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Fig. 6. Relative differences in throughputs between unlimited and limited
number of reworks.
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Fig. 8. Absolute differences in throughputs between unlimited and limited
rework attempts with varying rework times (ug = Fupy).

These figures clearly indicate that as p; increases limiting
the number of rework attempts the result is a relative in-
crease of the cell-throughput. These differences in the sta-
tion’s throughput become more pronounced as the limit on
the: number of rework attempts J reduces.

The impact of the relative changes in ug with respect to
pam Wwas also studied. Figs. 7-9 depict performance measures
similar to those of Figs. 4-6 but assuming p = 0.25 and
varying ug from zero to ten times pp, (here pg = Fuy and
0 < F < 10). The results prove that as up increases the de-
signer may be more inclined to augment the cell’s throughput
by enforcing a limited rework control policy.
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TABLE 1l
SAMPLE DISTRIBUTIONS OF REWORK PROBABILITIES

Rework Possible Structure

Pattern Geometric Exponential (o« > 0)
Constant: pi=p

Decreasing:  p; = p p; = pe~ot=D

Increasing: pi=l4+p N (p=1) p;=p+(-p)l —e oD

D. The Three Rework Probability Patterns

The rework probabilities need not be identical for all the
rework attempts. These probabilities depend on the assembly
process technology as well as on the nature of the rework
task. The three general patterns are as follows:

1) Constant Rework Rates: All the rework cycles possess
the same probability. A typical example is the robotic assem-
bly cell for high-pressure water pumps used in dishwashers.
Following the assembly stage the robot conducts a leak test; re-
jected products are disassembled and then reassembled again
using another set of gaskets and washers. Constant rework
rates were observed for this operation.

2) Decreasing Rework Rates: The rework rates decrease
from cycle to cycle as the assembled system performance im-
proves. A typical example is in-circuit robotic test and rework
cells used in a printed circuit board assembly line. Incoming
boards are positioned on the tester by the robotic arm. Re-
jected boards indicate to the robot the location of the electronic
chip to be replaced and the robot then replaces the faulty com-
ponents with new ones during the rework cycle. Another test
is conducted following these component replacements. These
cells tend to exhibit decreasing rework rates.

3) Increasing Rework Rates: The rework rates increase
from cycle to cycle as a result of deteriorating product per-
formance. Such a case should be avoided at the design stage.
In practice, however, some instances cannot be eliminated and
the number of rework attempts is limited by the system con-
trols. Typical examples include forced realignment attempts
at the assembly stage or the jamming of insertions sockets.
Those incidents result in increasing work rates.

Table II presents several optional mathematical characteri-
zations of these processes. Geometric and exponential decay
(growth) functions are illustrated for the case of decreasing
(increasing) rework rates. In both, function p, = pfori = 1

Y

and the decay (growth) functions approach zero (one) as i
approaches infinity.

V. PERFORMANCE OF UNITARY ASSEMBLY
RoBOTIC STATIONS
A. Evaluation Levels

Evaluating the performance of unitary assembly robotic
stations, one must consider the fact that they have to pro-
duce a variety of subassemblies with a range of processes.
The robotic nature implies that the station has the ability to
recover from errors and rework faulty assemblies automati-
cally. These two characteristics may cause the performance to
be highly variable, depending on product, process, and task
variations. Certainly, there is a fradeoff between the num-
ber of rework and recovery attempts, and the rate of suc-
cessful, quality products exiting the station. These consid-
erations led Wilhelm [26] to suggest that the performance
of programmable assembly systems be evaluated by certain
measures at three levels,namely, at the task, product, and
system levels. Extending his basic hierarchical decomposi-
tion approach to the model discussed above results in these
functional level descriptors:

At the task level, the mean and variance of task time in-
dicate the required total process time and the stability of the
assembly operation in terms of finite production (assembly)
times. Also at the task level, the probability of successful as-
sembly completion indicates the efficiency of the station at
performing given tasks.

At the product level, the product throughput or cycle time
per product unit indicates the production capacity requirement
for given products. The yield, or ratio of good product output
to product input indicates the station’s efficiency at the product
level. :

At the assembly system level, measures of utilization and
cost can be used to evaluate automatic assembly plans, layouts,
and operating strategies for a programmable assembly system
design.

Measures at these different levels are not independent, but
allow one to focus on relevant design aspects of the assem-
bly station and assess the merit of flexibility. Following the
equations developed above, the performance measures for our
model are computed as follows.

B. Task Level

First, consider the case of unlimited rework attempts. For
each assembly task programmed at the robotic station, the
mean total time and its variance can be computed as shown
in Table I. With regard to the probability of success, in this
hypothetical case it is assumed that only good products leave
the station. For the case of limited number of rework attempts,
the mean and variance of the total number of assembly task
trials are given by (31) and (32).

C. Product Level

Product mean throughput with unlimited rework is denoted
as
q

TH = 1/pyg = ——
p) [ o + PAR

(38)
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and with limited rework we recall from (36) that

J
TP(J,p) = (1 - Hm)/uo.
i=1

Clearly, when J — oo and when all rework probabilities
are identical (i.e., p; = p,i = 1,2,...) then TP(c0,p) —
TH(p).

In terms of efficiency, different measures are needed de-
pending on whether rework is limited or not. If rework is
unlimited then all output is considered good quality, and we
can define operational efficiency as follows:

qum
#pm + Pug

E=% -y TH(p) = (39)
This is the ratio of the mean ideal cycle time when no
rework (or recovery) is needed (uys) to the mean product
assembly time including rework (ug).
The operational efficiency when rework is limited can be

computed similarly

J
E = uyTP{J,p) = f‘,—f (1 - IIp,->. @0)
i=1
D. System Level

1) Variable Production Costs: Performance measures at
the system level take into consideration general factors com-
prising the integrated activities of the station. Operational ef-
ficiency or yield at the system level can be computed similarly
to those measured at the product level. To compute the cost of
an assembly station design, several models can be used. Fol-
lowing the recent study by Naidish [10] these cost elements are
derived below as a function of the product quality features,
in-process inspection, and rework. The cost per assembled
unit is the total of setup, tooling, material, and operating cost
(1], [3]. {6], [10].

Suppose the setup cost, for a batch B of the same prod-
ucts, is Cs. This cost includes mainly the time spent on station
layout changeovers, feeders and fixtures reconfiguration, sen-
sors and testers changes that are required during part-type
changeovers. This cost is divided per assembled unit, relative
to the batch size, or, on the average:

setup cost per assembled unit = C,/B.

The tooling cost per assembly trial is C;. Tooling costs
cover replacement of worn or broken tools and fixtures, dis-
posable kitting trays, and the time required for on-going ad-
justments of the station equipment. For example, Csakvary
[3] indicates that a major cost factor in assembly systems are
part jamming and related tools or feeder breakdowns. There-
fore tooling cost per completed unit depends on the number
of repeated trials. On the average, it leads to

tooling cost per assembled unit = C; * un.

The material cost C,, also depends on the number of re-
peated visits at the station since it can be assumed that at each
visit some parts and materials are replaced.

Thus on the average material cost per assembled unit =
Cn " pn-

Finally, suppose the operating cost per time unit is C,.
This cost is relative to the amount of time that each unit oc-
cupies the station.

On the average, operating cost per assembled unit = C, -
Ho-

The total average cost per assembled unit C is the sum of
the above four cost components, as follows:

C=[C/B+C - uv+Cn - unv + Co * po]l. (1)

In (41) only variable costs are considered, and it is assumed
that the revenue for rejected items and parts (or materials) due
to rework is negligible. Conceptually, it is a straightforward
task to add more variables and modify some of the above
assumptions so that these models are made more appropriate
for a particular firm. For example, the model can be expanded
by adding the costs of special mechanical feeding devices and
the part magazine, or some inventory lot sizing considerations.

2) Due-Date Delivery: The probability of meeting the pre-
scribed due date T, for a given batch of size B is an important
performance measure at the system level. Using the Central
Limit Theorem, the probability distribution of the total batch
time 6 is approximately normal with mean y, and variance o
computed from (34) and (35), respectively.

The recent papers by Hira and Pandley [7], Seidmann er
al. [18], [19], and by Wilhelm and Ahmadi-Marandi [25] de-
scribe various generic cases in which the norma) distribution
is an acceptable approximation for small-batch assembly sys-
tems.

Following these results, the probability that the batch re-
quires less than Tp time units is computed from

Tp ~ #0]

(42)

Pr [0<TD]=Pr[Z<
Oy

where Z is the standard normal random variable.

It is also possible to compute an approximate 100(1 — a)-
percent confidence interval for the batch completion time.
Since @ is the actual batch completion time, then

Prlus —Zopopg<O0=<pg+ Zypnol =1-a  (43)

approximately, where Z,/, denotes a percentage point of the
standard normal distribution such that

Pr[Z > Z.,] = a/2. (44)

Thus the approximate 100(1 — «)-percent confidence inter-
val is
{uo — Zo20p <6 < pg + Z,1204}. (45)

For example, consider a batch with B = 41,y = 242

" h, 002 = 119h*, and Tp = 256 h. The probability of meeting

this due date and a 95-percent confidence interval on the batch
completion time are

Pr [0 <256] = Prlz<
o<20 = [+ < B0

w] ~ 0.899
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and the confidence interval is

{242 — (1.96) V119 < 6 <242 + (1.96) V119} °

or
{220.6 < 0 < 263.4}.

VI. AppLICATION TO FLEXIBLE ASSEMBLY ROBOTIC
StATION DESIGN
A. The Assembly Station

To illustrate the application of our model in station design,
we describe two examples: A printed circuit board assembly
station and combined machinery and assembly station. The
performance measures defined earlier, relating to the station
productivity, are calculated and analyzed for these illustra-
tions. Two major design issues are discussed: selection of
robot speed, and station size in terms of the number of tasks
planned for the station.

Various references describe the integrated circuit produc-
tion and assembly process (i.e., [12], [21]). The example of
the printed circuit board assembly station, which is quite com-
mon in industry [16], [17], [22] is as follows (see Fig. 2). The
robot picks up several odd-shaped components out of a feeder,
orients each component in turn at the programmed position
above the pre-drilled holes in the board, and inserts the com-
ponent. Consider the sequence of motions from moving to the
feeders, picking up components, moving and orienting them,
and finally inserting them in the board as the main assembly
tasks of the robot. Suppose that L is the number of main as-
sembly tasks and « is the total robot travel time during the
main assembly tasks, assumed to be deterministic.

In a flexible robotic station dissimilar tasks are anticipated;
therefore, the task times are distributed in our model and can
have a relatively large variance. Note also, that if the number
of main assembly tasks L also varies, then repeated analy-
sis for several values of L should be carried out. Obviously,
once the station is built it will usually accommodate a certain
maximum L, for which the analysis should be carried out.

Several practical problems may occur, such as feeder jam-
ming, wrong components, wrong position in the robot pro-
gram, or insertion holes in the board that are too tight. Such
problems are usually cleared and removed during the initial
start-up of the station either by improved equipment operation
such as the addition of a force sensor to the gripper which
helps search for the proper insertion holes, or strict quality
control of components and boards prior to operation at the
station.

One typical problem that is difficult and costly to remove is
the alignment of the component pins that have to be inserted
precisely in the proper sockets, even when the robot’s ba-
sic resolution unit is smaller than the tolerances of the mating
parts [8]. An acceptable solution for this problem is a realign-
ment device. The robot control program, when realizing that
an insertion attempt has failed, will automatically activate a
recovery procedure, bring the component with faulty pins to
the realignment device, insert the. component for a brief re-
alignment operation in the device, and then attempt another
insertion. Usually, this recovery procedure is sufficient, but
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FAIL

> INSPECTION

PASS

NEW
PARTS

MAIN _TASKS

COMPLETED
PARTS

Fig. 10. The assembly station operational parameters.

if the predrilled holes are a little tight, additional realignment
attempts may be needed. :

Suppose the recovery procedure of using the realignment
device requires the total time 8, where 8 is the expected re-
work or recovery time at the assembly station (exponentially
distributed).

To further specify the assembly station operatlon assume
constant rework probability p, and suppose the operation time
for each of the L assembly tasks in the station has a log-
normal distribution with mean p,, and variance ¢,,. Assume
that u,, can have a § related to the rework and recovery time,
as follows:

m = Jﬁ:
where f is the expected time for the rework functions as de-
fined above, and j is some known constant. With regard to «,
the robot’s total travel time in the station’s main tasks, it is

reasonable to assume that « is relative to the number of tasks
L, and that it can be expressed as

a = zLB,

Jj>0 (46)

z>0 47

where 2 is a known technical factor, relating o to the rework
time. The above relations are summarized in Fig. 10. Equatxon
(34) can now be rewritten

9 =q 'BGzL + Lj + p)

and from (48), measures at the product level can be written
as follows:

(48)

TH(p) = qIBGzL + Lj + p)}™* (49)

and

BL(z + j)q

-— . - _I
S BLe 4+ p/Dy PG

(50)

B. Robot Speed and Rework Rate

An important decision in the design of the assembly station
is the selection of the robot. This decision often depends on
the velocity range at which the robot is required to operate.
Fast arm acceleration is very important for assembly robots.
In assembly, the traveling paths are relatively short and there-
fore the joints either move at their maximum speed for short
periods only, or they do not reach their speed limit at all. An-
other typical design issue is whether to configure the station
with careful attention given to the assembly work in order to
avoid rework; alternatively, relatively quick assembly oper-
ations can be planned, however, as a result, the amount of
rework and recovery will typically have to increase [2], [16].
The latter issue can further be viewed as a question of how
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many rework attempt should be allowed in the station. These
two design issues will now be explored.

1) System Measures for Alternate Designs: A fast robot
will have a relatively small «. In order to compare two alter-
native station plans, suppose the plans have different robots
but the same number of main assembly tasks at the station, L,
the same rework time 3, and the same technical factors J and
Z. One can arbitrarily set

B1, the value of 8 in the first station plan, as

B; = 1 time unit.

First, consider the model with unlimited rework and denote
by p; and p, the rework rates at the first and second station
plans, respectively. For the two stations to yield the same level
of production throughput TH(p), it will be necessary that

TH(p,) = TH(p,)
or
(1 -p)IBIGL + Lj + pp]~!
= (1 = p)BazL + Lj + po1™'.  (51)

From here the mean recovery time at the second plan (for
equal throughput) should be

B2 = 1L + Lj + py)

" =p)/(@L + Lj + pa)(1 —p1). (52)

Suppose, for example, that L = 3, j = 5,z = 0.92, and
p, = 0.3. Then from (52) 8, is given by

B2 = 25.8(1 — p;)/(17.26 + p,). (53)

The first plan’s throughput is TH(0.3) = (0.7)[0.92(3) +
3(5) + 0.317! = 0.039 products per time unit.

Thus in the same cell size (L = 3) and operation (j =
5,z = 0.92) a different robot speed is associated with a
different value of p. Since p, is greater than zero, it can be
shown in this case that 8, < 1.45 is required in the second
plan to yield equal throughput in both plans. In other words, in
order to obtain similar throughput (0.039) with a slower robot
a smaller rework rate p, will be allowed. For instance, with
a 40-percent slower robot, i.e., 8, = 1.40, a rework rate of
only p, = 3.4 percent can be tolerated. Achieving such a low
rate of rework will require a major effort to reduce all factors
of variability at the station. This may be unjustified compared
to the savings generated by installing a slower robot.

This analysis implies that when robot speed is decreased by
40 percent, the reowrk probability or task reliability must be
changed by one order of magnitude.

It is also interesting to note that the operational efficiency of
the two station plans compared above does not directly depend
on the value of 8. Applying (50) for the parameters specified
above, E; = 0.69 for the station with the faster robot and
higher probability of rework, and £, = 0.96 for the other
plan. Although the two robots will yield the same production
throughput, the station with smaller rework rate and slower
robot will have significantly higher operational efficiency.

Up to this point, we have two station plans that provide the

same throughput of assemblies, but have different robots. Let

us now compare the two plans at the task and system level.
2) Task Measures for Alternate Designs: At the task

level, the two station plans will compare as follows (assume

B =1):

Plan1: (8 = 1.0,p, = 0.3)

po = [(0.92)(3) + (3)(5) + 0.3]/0.7 = 25.800 (54)
and since 6, = Lo}, = 302 and 62 = £* we obtain
of = 215.900 + 4.28507,. (55)
Plan2: (8 = 1.4,p;, = 0.034)
us = [((0.92)(3) + 3)(5)1.4
+ (0.034)1.4]/0.966 = 25.800 (56)
o; = 25.201 + 3.105052. 57

Note that the variance of ¢ in the second plan is rela-
tively smaller owing to the smaller rework rate. This attribute
of Plan 2 is highly desirable in certain production facilities,
where flow must be tightly controlled.

3) Operating Costs for Alternate Designs: The cost of
each plan is analyzed at the system level. While the operat-
ing unit cost C, and material cost C,, can be assumed equal
for both plans, to cater for tighter tolerances the tooling cost
C, can be higher for the plan with lower rework probability
p. Suppose C, (Plan 2) = K+ C, (Plan 1) where K > 1.
Then, the mean total unit cost per assembly following (41)
and assuming B = 1

Ci = 25.800C, + 1.429(C,, + C,),  for Plan 1 (58)

C, = 27.788C, + 1.035(C,, + C,),  for Plan 2. (59)

For illustration, suppose C,, = D,C, = 5D,C, = 10D,
and D > 0. Comparing the unit cost in the two plans, the
second plan will be less costly when C; < Cj, or when
K < 1.425. It means that in this case a 42.5-percent increase
can be allowed for tooling costs in the second plan in order
to sustain smaller rework probabilities.

4) Limited Rework Plans: To complete this design anal-
ysis, let us now consider the more realistic use of limited
rework controls. Suppose the number of rework attempts
is limited to J = 3. Here the rework probabilities re-
duce from trial to trial such that the rework vectors are
Pi = [0.3,0.15,0.075] and p, ={0.034, 0.017, 0.0085], for
Plans 1 and 2, respectively. The production throughput of the
two plans remain the same if

TP,(3,p1) = TP,(3,p)).
From (31), (34), and (36) we get for Plan 1

un = 1.345
pe = 24.232
TP,(3,p1) = (1 - (0.3)(0.15)(0.075))/24.232 = 0.0411.
(60)
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TABLE 111
TWO ALTERNATIVE PCB ASSEMBLY PLANS WITH SIMILAR THROUGHPUT
Plan 1 Plan 2

No. of assembly tasks, L: 3 3
Coefficicnt of mean operation time, j: 5 5
Coefficient of robot travel time, z: 0.92 - 0.92
Rework time, 8 (time uvnits): « 1.00 1.40
Mean operation time, um (time units): 5.00 7.00
Robot travel time, o (time units): 2.760 3.864
Rework probability, p: 0.300 0.034
Mean throughput, TP(p)

unlimited rework: 0.039 0.039

limited rework (J = 3): 0.041 0.041
Operational efficiency, £

unlimited rework: 0.690 0.960

limited rework (J = 3): 0.729 0.992
Mean assembly time

unlimited rework: 25.800 25.800

limited rework (J = 3): 24.232 24.232

Variance assembly time, o4
unlimited rework:

Mean no. of visits in M, pn
unlimited rework:
limited rework (J = 3):

215.9 + 4.28502

1.429
1.345

25.201 + 3.10502

1.035
1.033,

Similarly, for Plan 2 (assuming undetermined (3,(> 0))
UN = 1.033

ps = 18.3794,.

Thus the following equation defines the 8, parameter for
Plan 2 resulting in similar throughput as in Plan 1

TP3(3,p2) = (1 —(0.034)(0.017)
* (0.0085))/(18.3798;) = 0.0411. (61)

From here, we obtain 3, = 1.36. It is interesting to note,
that the performance results are very close to the results ob-
tained above for unlimited rework with equal rework proba-
bilities. (This implies that the hypothetical unlimited rework
model can provide useful robust results that are also easier to
calculate.)

In terms of operational efficiency, the results are slightly
better than in the unlimited rework case

E, = ypnTP@3,p;) = (17.76)(0.0411) = 0.729

E; = pp2TP(3, py) = (24.15)(0.0411) = 0.992.

Table I summerizes the results of the printed circuit board
assembly station design example discussed above.

C. Station Size and Rework Rate

For this discussion consider a robotic station where com-
ponenets are machined and then assembled. The major design
issue: the number of tasks to include in the station, and hence
its size, as related to rework rates.

It can be observed from the earlier analysis that in general,
the production throughput rate in a station increases under the
following conditions:

1) when p, the rework probability, decreases,
2) when the robot speed, represented by a =
creases,

zLgB, in-

3) when the expected time spent on each assembly task,
represented by u,, = jB, becomes relatively smaller.

On the other hand, different station’s designs can yield
similar production throughput rates. To illustrate this point
consider the following alternative assembly plans all having
(z=1:

Plan A: In order to achieve a production throughput rate
of approximately 3.3 assemblies per hour, a station operation
can include 3 long tasks in the main area (L = 3), with
p=01 j=10,a = 1.5 min, and 8 = 0.5 min.

Plan B: Alternatively, a station with the same number of
tasks but faster operation (or shorter tasks), j = 2, a slower
robot arm, o = 3 min, rework time of 8 = 1 min, and a
rework rate of p = 0.5 can yield a comparable 3.2 assemblies
per hour.

Plan C: Also, a larger cell with ten short tasks, j = 0.65,
very slow robot, @« = 10 min, # = 1 min, but higher pro-
duction quality (p = 0.1) will yield an average production
throughput rate of 3.3 assemblies per hour.

The three plans are summarized in Table IV.

Assuming several such alternative assembly station plans
are technologically feasible, they can be compared at
the systemm level by economic analysis, as discussed be-
fore. This time, however, suppose for simplicity identical
o,B8,Cs,Cm,Cy, and C,. Plan 1 will be more economical
than Plan 2 when the following occurs:

(Cm + C)(1/q, - 1/q3) < CoB((L2(22 + J2)

+p2)/q2 — (Ly(zy +41) + p)/q1) (62)

where gy =1 ~pyand g, = 1 —p,.

Consider the case where a station is comprised of L = 3
tasks and has 8 = 1 min. Plan I calls for relatively long tasks,
with j = 2, but relatively low rework probability of p = 0.1;
Plan 2 calls for fast (or short) tasks, j = 0.5, associated with
a higher p = 0.5. In both plans z = 1 and the production
throughput rate is about 6 assemblies per hour. According to
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TABLE IV
THREE ALTERNATIVE MACHINING/ASSEMBLY PLANS WITH SIMILAR THROUGHPUT
Plan A Plan B Plan C

Station size (no. of tasks, L) 3 3 10

Rework rate, p 0.1 0.5 0.1

Rework time, 8 (min) : 0.5 1.0 - 1.0

Mean task time, g, = j8 (min) (10)0.5) = 5.0 2)(1.0) = 2.0 (0.65)(1.0) = 0.65
Robot travel time, « = zZLB 1.5 3.0 10.0

(z = 1) (min)
Throughput, TH(p) 33 32 33

the economic condition of (62), Plan 1 is preferred to Plan 2
only if

0.11C, < 0.89(Cn + C). (63)

Considering task level performance measures in comparing
between the alternative assembly station plans, as indicated
above, measures of performance variability can be applied.
Obviously, the higher variability of the time spent by each as-
sembly in the station, the more erratic the performance (e.g.,
in terms of queue requirements), and the more difficult it is to
control the station operation. In the case of the two plans above
however, the variance of the total unit stay in the station is
almost the same: 102.46 (min)? in Plan 1, and 102.00 (min)?
in Plan 2. In other situations, the plan that has a relatively
smaller variability would, of course, be preferred.

VII. CoNcLUSIONS

This paper is concerned with the characterization of partic-
ular automated production systems, robotic assembly stations.
The analysis focuses on the product recirculation phenomenon
with an individual station. The model considered in this paper
assumes that in order to satisfy the required quality standards
a certain proportion of the items must return, once or more,
through a repeat, or reworking process before exit. Probabil-
ity theory is employed to mathematically formulate the product
flow aspect of interest. Results provide the distribution of to-
tal assembly time and total time in each part of the station,
the distribution of total number of reworks, and sensitivity to
process quality.

Other results including the joint distribution function of the
total system time and the number of required reworks, the
coefficients of variation for the number of reworks, and the
total system time are also presented. Special attention is given
to modeling stations with bounded number of rework attempts
and with distinct rework probabilities.

The computations of the performance measures at the task,
product, and the assembly system level are shown to be prac-
tical as no specific distributions must be assumed for man-
ufacturing or reworking processes. These computations are
very efficient since a stochastic mathematical model is used
rather than digital simulation. Tractable expressions for the
mean and variance of total system times are also derived.

This type of operational information is useful for system de-
signers in order to evaluate capacity, in-process buffer spaces,
and dynamic control policies. Two applications of the results
to flexible robotic station design are illustrated: one in ana-
lyzing the interacting effects of robot speed and rework rate

and the second addresses the issues of station size, rework
rates and their impingement on the attainment of production
targets.
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