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Abstract: A branching system which consists of several parallel nonidentical communication devices with
finite input buffers is considered in this paper. The system is designed and operated under a stochastic
congestion control policy. Several job routing and buffer allocation decision models are analyzed in order
to maximize the aggregate system throughput, or to minimize the storage space costs. The polynomial
and pseudo-polynomial optimization algorithms which are presented here take advantage of the
structural properties of this system. The results obtained are also of particular relevance in the design of
load balancing policics for distributed computer systems.
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Introduction

Queueing network models are used extensively
for the design and analysis of numerous commu-
nication, computer and manufacturing systems
(Gelenbe and Pujolle, 1987; Kleinrock, 1975;
Shalev-Oren, et al., 1985; Tenenbaum, 1981).
Typical performance measures derived from these
models include node congestion, device utiliza-
tion, response times, and system throughput. In
general, a qucucing network can be viewed as a
sct of arbitrarily linked processing stations. Block-
ing occurs in these networks when the flow of
units is interrupted momentarily duc to the fact

that some other queue in the network has reached
its capacity limitations. Queueing networks with
blocking are difficult to analyze as closed-form
solutions for mean sojourn times, or the queue
length distributions are attainable only under very
limited assumptions (Kingman, 1969; Onvural,
1988). Studies of such systems reported today use
mainly heuristic decompositions, numerical ap-
proximations, and digital simulations (Perros,
1984).

This paper examines a simple multi-way
branching telecommunication network with finite
qucueing buffers. Arrivals of new messages to the
system form a Poisson process of rate y. Upon
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arrival, these messages are routed to be pro-
cessed by one of L parallel heterogeneous dc-
vices (Figure 1). These devices may be communi-
cation controllers operating with distinct Baud
rates, memory banks in mainframe computers. or
other generic parallel service centers (i.e., pro-
duction lines, toll gates, or drive-in bank facili-
ties). New messages are routed to device i (i = |,
2,..., L) with probability p; and hence the arrival
process to the input buffer of device i is also
Poisson, with rate y; = p;y (Genedenko and Ko-
valenko, 1968). Each device and its input buffer
have room for K; (> 1) messages: the onc being
processed plus up to K; — 1 in the input buffer. A
new message routed to a full buffer is lost. A first
come, first served discipline is followed when
cach device admits messages from its own input
buffer. Device i has a processing rate which is
cxponentially distributed with mcan | /u;. Mes-
sages leave the system after being processed by
their respective devices.

This model, which is a generalization of the
classical M/M/C structure was first posed by
Larsen (1981), who also presented an extensive
motivation in the context of computer systems
design. Assuming a shared input buffer, Larsen
(1981) studied the optimal message routing policy
for a two-device network; Lin and Kumar (1984)
fater presented an elegant proof showing that the
optimal policy which minimizes the mean sojourn
time of messages in this two-device network is of
threshold type. Other studies of shared-memory

arrival process

<

overflow| process

systems include Tijms and Eikcboom (1986). The
problem of optimal part routing in the case of
dedicated parallel storage buffers was first stud-
ied by Hahne (1981) and later extended by Seid-
mann and Schweitzer (1984), Seidmann and
Tencenbaum (1987), and by Daskalaki and Smith
(1988).

The system performance depends on the job
routing policy, as well as on the (controllable)
arrival ratc and on the way the limited memory
resources arc allocated among the various de-
vices. Although several studies have recognized
the impact of the local input buffers on the
performance of such branching networks. no ana-
Iytical formulation has been presented to assure
the optimality of any buffer allocation policy.
Scveral aspects of memory allocation decisions
and their interaction with the job routing scheme
arc examined in this paper.

The organization of this paper is as follows. In
Scction 2, the main components of the models
arc prescnted. More specifically, in Section 2.3.1,
for a given topology and specified buffer sizes,
the net throughput rate is maximized while con-
trolling the bottleneck; in Section 2.3.2, for a
given topology and specified arrival rates, the
optimal buffer sizes are selected while controlling
the bottleneck; in Section 2.3.3, an extension of
the previous model is presented and solved; and
in section 2.3.4, gencralized versions of model 1
and 2 are provided. There, for a given topology,
the optimal buffer sizes are selected to maximize

departure process
A

Figure 1. A telecommunication system with parallel finite-capacity devices
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the throughput rate while controlling the bottle-
neck. In Section 3, the concluding remarks are
discussed.

2. Main results

In this section, several models are proposed
for designing the telecommunication system de-
tailed above, see Figure 1.

2.1. Assumptions

The models presented in this paper assume
that the acceptable probability of finding conges-
tion at each device (in excess of its input storage
capacity) is sufficiently close to zero. That is, the
performance of each finite-capacity M/M /1 /K,
Markovian queue (Kelinrock, 1967) device with
Poisson input, exponential service times, first
come, first served queueing discipline, and an
input buffer of size K, — 1 will be approximated
with the performance of a compatible infinite-
capacity M/M /1 queucing model. This approxi-
mation is bascd on the congestion control re-
quirement that the system be designed and oper-
ated in such a way that the resulted congestion
probability is bounded by a very small acceptable
threshold. For instance, given that the processing
rate is fixed, the arrival rate may be set such that
the congestion probability is less than 0.001 at
each device. This value also establishes the maxi-
mal error associated with the use of the above
approximation for computing the expected
throughput. It is noted that this perspective in
control of the blocking and the bottlencck 1s
motivated and evaluated in Pourbabai (1989a,
1990). There, extensive simulation results are
provided to investigate the accuracy of the pro-
posed approximation technique. Hence, in this
paper, for brevity, numerical results arc not pro-
vided, and the interested reader is referred to
Pourbabai (1989a.b, 1990).

2.2. Notation

L: Total number of parallel devices.
i: Device index, i =1,2,..., L.
a,;: Acceptable probability of finding device i

blocked.

ki
‘ P(n,=k;)= (I —-3—)(%) )

K, K, and K}: Input buffer of device i, its
maximum allowable capacity, and its optimal ca-
pacity, respectively [messages].
u;: Processing rate of device i [messages/time
unit].
P;: Fraction of units routed to device i.
v; and y*: Arrival rate and the maximum arrival
rate at device i, respectively [messages / time unit].
A; and A¥: Throughput rate and the maximum
throughput rate of device i, respectively [mes-
sages / time unit].
¢;; Marginal allocation cost of increasing the
buffer size of device i by one unit [$/message].
n;, P(n;=.): Number of units found at device i,
and its probability mass function.
K: Total available capacity [messages].
v and y*: Arrival rate and the maximum arrival
rate at the system, respectively [messages/time
unit}.
A and A*: Throughput rate and the maximum
throughput rate from the system, respectively
[messages/ time unit].

It is well-known that in an M/M /1 system

t

and i=1,2,..., L. (nH

1

k,=0,1,2,...

This expression is now used to approximate
thc overflow probability of an M/M/1/K;
queueing system:

k
Yi}!
P(n,-;k,-)=(—) =q;, i=1,2,...,L. (2)

i
i

Note that (2) means that

Aj=limy, i=1,2,...,L. (3)
a;,— 0
The four network design models developed
next assume a finite value of A, i=1,2,..., L.

2.3. Network design models

2.3.1. Model 1

In this model, we treat the case of a given
topology and buffer allocation. The message
routes must be determined in order to maximize
the overall system throughput. It means that the
values of «;, u; and K; (i=1,2,...,L) are
given. Finding the values of P; also fixes vy;, A;, v,
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and A. For this purpose, the following chance-
constrained optimization model is introduced.

Max {A} (4)
st. P(n;>K,)<a;,i=1,2,...,L, (5)
L
LA =A, (6)
i=1
O<h<p, i=1,2,...,L. (7)

In the above model, expression (5) prevents
the resulted blocking probability (i.e, the left-hand
side of the inequality) of each device to exceed
the acceptable blocking probability (i.e., the
right-hand side of the inequality), expression (6)
quantifies the throughput rate from the system,
and expression (7) is provided for the stability of
each device. Following (1)-(3), the model stated
in (4)-(7) is reformulated as follows:

Max {A} (8)
Yi Ki .

s.t. —| <o, i=1,2,...,L, (9)
K
L
YA =A, (10)
i=1
O0<y,<p; i=1,2,...,L. (11)

Hence, the maximum throughput rate for the
above problem based on expression (9) is

L L

yr=a*= Y yr= LA (12)
i=1 i=1

where

yF=Ar=p, ()%, i=1,2,...,L. (13)

Moreover, the optimal routing probabilities are
X
Pi= 7\:, 1= 1, 2,...,L.
2.3.2. Model 2

The model handles the case of a given set of
devices along with the routing probabilities and
the total available storage capacity. The desired
economical allocation of storage capacity for each
device is now determined subject to technological
and congestion control constraints. It means that
now the values of A, w, a;, K, ¢ (i=

1,2,...,L), and K are given while the values of
K, arc sought. For this purpose, the following
chance-constrained optimization model is pre-
sented.

L

Min {ZC,K;} (14)
i=1

st. P(n;2K;)<a

L
LK. =K, (16)

i=1

oo i=1,2,...,L, (15

A

K;>K,>0 (17)

i 1

where K, is integral, for i=1,2,..., L.
Expression (14) in the above model minimizes
the total buffer allocation cost, expression (15) is
similar to expression (5), and expression (16)
guarantees that the total number of allocated
buffers is equal to K. Specializing the model
according to (1)-(3), it is restated as follows:

L
Min { Y ciK,} (18)

i=1

st. (A/m)N<a, i=1,2,...L, (19)
L
LK =K, (20)
i=1
K;>K;>0, i=1,2,...,L. (21)

However, expressions (19) and (21) can be
restated as follows:

N log «;
Ki>K;> ———,
log(A;/m;)

Notice that the right-hand side of (22) identi-
fies the minimuan required buffer capacity for
device i. This quantity is later denoted as 4; in
(27). Analysis of (9)-(11) leads to the following
properties:

i=1,2,....L. (22

Property 1. The throughput rate of each detice is.
an increasing concave function of its input buffer
capacity.

Proof. Given «; and u; values, let y,(K) denote
the throughput rate of device i as a function of its
input buffer capacity.

(i) Increasing: 1t is required to show that

y(K+1)>y(K), K=1,2,... (23)
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or equivalently, from (9), for all 0 <, < I:
al/ KD > gl/k (24)

(ii) Concave: Since K is integer, the following
should be true:

Yi(K)+v(K+2)<2y(K+1), K=1,2,...
(25)

This obviously holds for all 0 <a; <1, as

al/X +al/ KD <2/ KD (26)

Property 2. The blocking probability of each device
is a decreasing convex function of its input buffer
capacity.

The proof of Property 2 follaws similar lines to
the previous proof and it is omitted for brevity.

Exploiting these properties, the optimal solu-
tion can be obtained using the marginal alloca-
tion method (FFox, 1966).

Step 1. Sct

log «,
dm (27)
log(A,/u;)
if
4,> If, foronc i ormore, i=1,2,..., L,
(28)

or

L

Z 4,>K, (29)
or

l- -~

Y K, <K, (30)

i=1
stop, no feasible solution exists. Otherwise, sct

K,;=4A,0ri=1,2,..., L, and go to Step 2.
Step 2. Set

Il
K=K- Y K, (30
-1
()i:]\:l_l\’i’ (32)
¢, =Min(6,, K) fori=1,2,.2. L. (33)

If ¢,=0, for i=1,2,...,L, stop. An optimal
feasible solution is approximated. Otherwise, go
to Step 3.

Step 3. Choose index s (1 <s < L) such that

{s: ¢,>0and ¢,=Min(c,,...,c;)}. (34)

Then, set K =K+ ¢,, and go to Step 2.

The algorithm discussed above can be aug-
mented to handle the general case of nonlinear
storage allocation costs. It can be shown that by
following Steps 1-3, one will reach an optimal
solution in O(L + K log L) time for any convex
objective function (Knuth, 1973).

2.3.3. Model 3

This subsection presents the following exten-
sion to model 2 above. This model is a dynamic
programming formulation and has been accord-
ingly solved. For a review of the related dynamic
programming perspectives, see Yamashita and
Suzuki (1987) and Jafari and Shanthikumar
(1989). Here, we consider the case of a nonlinear
cost function g,(K;) where

ag,(K;)

. >0, i=1,2,...
oK,

L. (35)

(Otherwise, the solution is trivial.)
The optimization problem now becomes:

L
Min { Eg,-(K,-)} (36)
i=1
S.t.
L
YK, =K, (37)
i=1
R — log «;
K,>K,>K,=————, i=1,2,...,L.
log(A;/n;)
(38)
For brevity, denote
L
YK, =K. (39)
=1

Since g,(K;) may not be all convex, the follow-
ing pseudo-polynomial dynamic programming
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scheme is proposed. Start by defining the state
value as:

f*(S) =Min i gj(Kj)I ZI: K;=S§,

ji=1 j=1

K>K>K,j=1,2,..,i

!

Vi=1,2,...,L and S=K-K,...,K. (40)

The optimal problem solution is given by

f(K).
The recursive relationship among the state

variables is given by:

f*(8) =Min{f* (S —q) +8:(q)

g=0,1,2,...,5}
VS=K-K,...,K,and Yi=2,3,..., L.
(41)

The boundary conditions are:

f¥(S)=g(S), S=K-K,....K. (42)

Hence, the optimal solution can be approxi-
mated by the follmying procedure:

Step 1. If K, > K,
forone i (i=1,2,...,L) or more,

or if
L —
Z Ki > K’
i=1
stop, no possible solution exists.
Step 2. Set
f¥(S)=g(S),5=K-K,...,K. (43)

Let i =2, and go to Step 3.
Step 3. If i =L, go to Step 4.
Otherwise, set

fi*(S) =Min{f* (S~ q) +f(a)
a=0,1,...,5)
for S=K-K,...,K. (44)

Let i =i+ 1 and repeat Step 3.
Step 4. fi=L, let

A (K) = Min{fL*—l(K“q) +g.(a)l
q=K-K,...,K}. (45)

and stop with the optimal solution being f*(K).

Lemma. The dynamic progranuning procedure cor-
rectly solves the optimization problem in O(L(K —
K)?) time (i.e., it is pseudo-polynomial), if the
evaluation of each cost function g(K,) is done ir
constant time.

Proof. Correctness is proved by contradiction. As
sume a vector

i
h'=(hy, by, b)) €RIT with Y0, =S,
j=1

K>k >K,

J J J

Vi=1,2,....i and Y g(h;)=f*(S).
j=1

(46)

We want to show that (46) is sufficient for the
following recursion to hold:

i—1

Zgj(hj) =fiLi(S—hy). (47)

i=1
First note that

i-1

Zhj:S—h,-, (48)
j=1

and that the minimum condition in (40) requires

i—1

Zgj(hj)> (S —h,). (49)
j=1

But, if

i1

Zgj(hj) >fE(S —hy), (50)
j=1

then we can find another vector H = (H,,
H,,..., H) e RI* which satisfies both

i-1

L H,=S-h;, K;>H,>K, Vj=12,....i,

j=1
(51)

and

i—1

L g(H)>fE(S—hy). (52)

j=1

Moreover, the vector

V=(H,, H,,....,H,_, Ih)) (53)
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clearly satisfies
i—1

Y H +h =S5, (54)

j=1

and (from (42) and (44)):

Y g,(V) =f5 (S — )+ &(y)

j=1

< igj(hj)=f,-*(S). (55)

i=1

However, the inequality in (55) contradicts the

definition of (40) and hence (49) holds as equal-
ity. The recursive relation (41) is parametrized
over all g-values from 0 to S in order to compute
the desired values of /.
Time complexity: A time of O(K - K) is required
to compute each f*(S) and O(L(K —K)?) is
required to get f*(S) for all i==2,3,...,L -1
and $=0,1,2,...,K—K. Step f*(S) requires
O(K — K) time. The overall time complexity is
bounded by O(L(K — K)?).

2.3.4. Model 4

The model discussed here addresses both mes-
sage routing and buffer allocation decisions aimed
at maximizing the aggregate system throughput.
The given system is characterized by the values of
t, @, K, (i=1,2,...,L), and K. The model
obtains the desired values of K; and P, along
with A¥, A, y*, and y. Notice that model 1 is a
special case of model 4. To find the optimal
buffer allocation and job routes, the following
chance-constrained optimization model is formu-
lated:

Max {A} (56)
st. P(nm;>K)<eq;, i=1,2,...,L, (57)

L
YA =4, (58)
i=1
L
L K;=K, (59)
i=1
O0<A;<p,, i=1,2,..., L, (60)
Ki>K;>0 (61)

where K, is integral, for i=1,2,..., L.

In the above model, expressions (57), (58),
(60), and (50) are similar to expressions (5), (6),
(7), and (16), respectively. Assuming «; — 0 for
all i, the model can be restated as follows:

Max {A} (62)
st. (A/w)%<a,, i=1,2,...,L, (63)
L
i=1
L
YK, =K, (65)
i=1
0<A;<p;, i=1,2,...,L, (66)
K;>K,>0, i=1,2,...,L. (67)

In the above model, expression (63) is replaced
by

7i<#’i(ai)]/l<i' (68)

Recall that for a; <1, vy, is a stepwise increas-
ing function of K.

Therefore, the optimal solution is approxi-
mated using the greedy method as follows:

Step 1. Set K;=1,A,=0,for i=1,2,..., L, if

go to Step 2. Otherwise, stop because no feasible
solution exists.
Step 2. Set

0 it K,=K,,
D, = . . (69)
;u-(a,!/"'“ —a,VK"), otherwise.

Choose the index s such that:

D, = Max{D;: j such that D;>0

forj=1,2,...,L}. (70)
Then, set
K, =K, +1, (71)
Ay=D,+ A, (72)
K,=K, fori#sand i=1,2,...,L, (73)
K=K-1, (74)

and go to Step 3.
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Step 3. If K> 0, got to Step 2.
Otherwise, compute the optimal results:

AT =7i* =/J'i(ai)l/Ki’ I= 1’ 2’-"’L7 (75)
L
AMo=yr= YA, (76)
i=]
A¥
Pf:A_:k’ i=1,2,...,L. (77)

3. Concluding remarks

An efficient design methodology is presented
to optimally allocate storage buffers among a set
of heterogeneous devices in a branching network
topology. This methodology consists of several
optimization models, all sharing a common sct of
basic operational and cost assumptions. The first
model presented derives the throughput maximiz-
ing message routes in the case of a given buffer
allocation. The second model assumes that these
routes are already given. It then determines the
minimal-cost buffer allocation policy subject to
congestion control constraints. The third model
extends the analysis to handle nonconvex cost
functions. These cost functions result in a
pseudo-polynomial algorithm, assuming that the
evaluation of each cost function can be done in a
constant amount of time. Finally, the fourth model
simultaneously determines both message routes
and buffer allocation decisions aimed at maximiz-
ing the aggregate system throughput. An appro-
priate upper bond on the external arrival rate is
also suggested by each model in order to assume
a minimally controlled loss of messages due to
buffer congestion. It is noted that in this paper,
because the solutions were presented in closed
forms, no numerical results were provided. More-
over, as was noted earlier, because the accuracy
of the proposed blocking control technique which
is used in this paper has been investigated for a
similar network topology in Pourbabai (1989a,b,
1990), there was no need to replicate these simu-
lation results.

The optimization models presented in this pa-
per can also be used to evaluate the performance
of generalized telecommunication systems with
finite-capacity buffers. Ensuring minimal conges-
tion effects, the acceptable blocking probability

of cach device should be sufficiently close to zero.
Then, the performance of cach finite-capacity
device (e.g., a G/M/1 /K, qucucing system) can
be approximated with the performance of a com-
patible infinite-capacity device (c.g., a G/M/1
qucucing system) conditioned in such a way that
the resulted congestion probability does not ex-
ceed an acceptable value. Other immediate ex-
tensions include profit-maximizing objectives
where cach device is associated with a profit
contribution as a function of its throughput rate
and with some distinct buffer allocation costs.
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