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a b s t r a c t

Internet auctions for consumers’ goods are an increasingly popular selling venue. We have observed that
many sellers, instead of offering their entire inventory in a single auction, split it into sequential auctions
of smaller lots, thereby reducing the negative market impact of larger lots. Information technology also
makes it possible to collect and analyze detailed bid data from online auctions. In this paper, we develop
and test a new model of sequential online auctions to explore the potential benefits of using real bid data
from earlier auctions to improve the management of future auctions. Assuming a typical truth-revealing
auction model, we quantify the effect of the lot size on the closing price and derive a closed-form solution
for the problem of allocating inventory across multiple auctions when bidder valuation distributions are
known. We also develop a decision methodology for allocating inventory across multiple auctions that
dynamically incorporates the results of previous auctions as feedback into the management of subse-
quent auctions, and updating the lot size and number of auctions. We demonstrate how information sig-
nals from previous auctions can be used to update the auctioneer’s beliefs about the customers’ valuation
distribution, and then to significantly increase the seller’s profit potential. We use several examples to
reveal the benefits of using detailed transaction data for the management of sequential, multi-unit, online
auctions and we demonstrate how these benefits are influenced by the inventory holding costs, the num-
ber of bidders, and the dispersion of consumers’ valuations.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

Online auctions rank among the more successful uses of the
Internet for commerce. Increasing numbers of companies see the
web as an additional marketing channel complementing their
stores and posted-price online catalogs. For example, the Ubid
and Sam’s Club1 auction sites have many single and multi-unit
auctions of electronics and computers, while CompUSA maintains
a companion auction site2 offering numerous new and used com-
puters. Dovebid3 specializes in auctions liquidating the assets of
businesses (see Klein, 1997; Turban, 1997; Pinker et al., 2003). On-
line auctions have thus become a viable and active sales channel
for many firms in both business-to-business and business-to-con-
sumer markets. Furthermore, the use of computers to conduct the
auctions means that all transactions are logged, and detailed infor-
mation about all bids placed is collected automatically. This infor-

mation has tremendous value to the auctioneer, since it provides
insight into bidders’ valuations for the auctioned goods and thus
can be used in the determination of future auction offerings.

The online auction is a fundamentally different way of selling
goods and managing inventory than the posted-price mechanism.
In the traditional posted-price setting, and in most of the classical
work on inventory theory (Zipkin, 2000), the seller faces demand
uncertainty, but the selling price is fixed. On the other hand, when
using multi-unit auctions, the seller expects the entire lot to be
sold but is uncertain about the clearing price. This means that in
the auction environment companies can determine the quantity
offered, and the market determines the price in response to this
quantity. The greater the lot size offered, the lower the price estab-
lished for each unit. We call this phenomenon the market impact of
the lot size.

The computing power available today makes it quite practical
to incorporate auction feedback into decision-making. For exam-
ple, Moon (1999) describes how one online auction site leveraged
the reservation price information that it possessed to generate an
outstanding response rate to unsolicited emails; it created person-
alized email offers based on each consumer’s willingness to pay.
These offers were directed at individuals who participated in vari-
ous auctions but did not bid high enough to win; their highest bids
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were used as proxies for their true reservation prices. We model a
similar strategy of using the bid data from previous auctions to im-
prove the management of future auctions. In general, there are
three ways to gather this kind of information. First, if a firm runs
its own auctions, it can collect the data directly from bid activity
log files. Second, if a third-party hosts the auction, a firm can re-
quest this information as a condition of participation or as an addi-
tional service. Third, when online auctions are open to the public,
one can make use of software agents such as AuctionScout.4

At all major Internet auction websites, it is common to observe
sequential auctions for the same good.5 In fact, in Vakrat (2000),
the results of extensive field data collection of online auctions
show that about 85% of the goods auctioned at a popular busi-
ness-to-consumer auction site were offered repeatedly. Nair et al.
(2004) also give empirical evidence of both single and multi-unit
sequential auctions for the same item on the Sam’s Club auction
site. Sequential auctions and the market impact of the lot size
introduce a set of interesting tradeoffs for the seller. Smaller lot
sizes will increase the revenue per unit, but, given an initial inven-
tory, smaller lot sizes will increase the number of auctions neces-
sary to dispose of it. There is a fixed cost to operating an online
auction that is largely independent of the lot size offered, and there
is a cost to holding items in inventory until they are auctioned off.
Increasing the number of auctions and thereby spreading the sale
of the inventory over multiple time periods will increase the auc-
tioneer’s costs.

In this paper, we consider a firm seeking to sell off an initial
inventory of a product through a series of multi-unit auctions. Be-
fore the first auction, the firm has only incomplete information
about the statistical distribution of its customers’ valuations for
the product. The profit-maximizing firm must decide how many
units to offer in each auction and how many auctions to run. To ad-
dress these decisions, we develop a dynamic optimization model,
using a Bayesian learning framework, for analyzing auction data
as the Internet auction site collects it. We do not intend our model
to serve as a decision tool that provides precise calculation of the
results of auctions, but rather, we seek to demonstrate the follow-
ing managerial insights:

� How auctions can be integrated into a firm’s operations.
� How sequential auctions can be used effectively to reduce the

negative market impact of large lot sizes, and to identify key
quantitative tradeoffs associated with that policy.

� How an auctioneer can use information from losing bidders in
earlier auctions to learn about the market and to improve the
management of future auctions by embedding the inventory
management and auction planning decisions within a practical
Bayesian analysis framework.

Our paper proceeds as follows. In Section 2, we briefly review
some of the relevant literature and outline the theoretical back-
ground that is necessary to understand the main results of the pa-
per. In Section 3, we formulate a general model of multi-unit
sequential online auctions with seller learning in each auction.
We then analyze two special cases. In the first, we assume that
the bidder valuation distribution is uniform with known parame-
ters, using a deterministic dynamic program. We show that the
optimal lot size (the number of units offered) in each auction is
strongly dependent on the spread (or second moment) of the bid-

ders’ valuations, and that setting the lot size optimally can have a
significant impact on profits. We then consider the case of a uni-
form valuation distribution in which the seller does not know
the spread. In this case, each auction provides the auctioneer with
feedback data that can be used to improve the management of sub-
sequent auctions. We investigate the value of using this feedback
in conjunction with dynamic optimization of the auction lot sizes.
We conduct an extensive set of numerical experiments and deter-
mine under what circumstances this approach yields significant
benefits to the auctioneer. Section 4 contains a critical review of
our modeling assumptions. We offer our conclusions in Section 5.

2. Literature review

Much of the inventory management literature assumes an
exogenous demand, independent of the lot size and of the price.
There have been several studies in the area of Bayesian dynamic
inventory models with some unknown demand parameter, for
example Scarf (1959), Azoury (1985), and Lovejoy (1990). This
inventory problem has been modeled as a dynamic program with
a multi-dimensional state space, where Bayes’ rule provides a
well-defined procedure to incorporate new information into the
decision model as it becomes available. Most of these papers are
concerned with deriving multi-period minimum cost equations
and characterizing the optimal reordering policy. Although we
use a similar methodology (i.e., dynamic programming and Bayes-
ian learning), our business context and consequently our results
are very different. In our setting, with prices determined by auc-
tion, the uncertainty we focus on is in price and the valuation dis-
tributions of bidders and not demand.

Although online auctions are receiving considerable attention
from management scientists and economists (see Pinker et al.
(2003), Milgrom (2004), and Ockenfels et al. (2006) for surveys),
there has been little analytical modeling of the optimal ways to
operationalize online auctions. Here we review some exceptions.
Bapna et al. (2000, 2001) develop a discrete model to compare
the current online auction practice with an ideal Vickrey mecha-
nism. They classify online bidders into opportunists, participators,
and evaluators, and they study the impact of the bidding incre-
ment. Segev et al. (2001) use an orbit queue Markov chain to model
online auctions and predict the final auction prices. In those cases
in which their methodology can be proven to provide accurate pre-
dictions, one could also use it for auction management; so long as
it can be shown that the changes to the auction conduct, proposed
by the authors, do not alter the expected predictions. Vakrat and
Seidmann (1999a,b) find empirical evidence of significant dis-
counts at online auctions over online catalog prices for the same
goods. These results suggest that participants in online auctions
represent a separate customer segment that is willing to exchange
the costs in monitoring and time of participating in an auction for
lower prices than are found in posted-price settings.

Gallego and Van Ryzin (1994) study the related problem, to
ours, of dynamic pricing of an inventory in continuous time setting
when demand is a deterministic function of price. Vulcano et al.
(2002) model a firm with a fixed initial inventory that receives bids
for single-units over time from consumers. They develop a finite-
horizon dynamic programming model in which the firm makes
decisions to accept or reject bids in each period. For the ith highest
bid to be accepted, it must exceed the ith highest threshold set
dynamically by the firm. They propose a novel auction scheme in
which the bidders reveal their bids before the firm even commits
to the lot size. They show numerically that this mechanism may
outperform multi-period auctions in which firms commit to a
quantity in each auction before observing bids. Their result makes
sense, because the firm is clearly better off making auction

4 Auction Scout is a data collection and monitoring software agent we have
developed for unwrapping the HTML information displayed through the TCP/IP socket
of third-party auction houses (see Vakrat and Seidmann (1999a,b)).

5 There even exist firms like Marketworks (http://www.marketworks.com) that
specialize in setting up sequential auctions on public auction sites for firms trying to
dispose of inventory.
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quantity decisions after observing bids than before. This mecha-
nism seems to fit best within the single-leg revenue management
context that motivates the paper, yet the unique auction scheme
they propose has yet to be seen in practice. In our paper we model
auctions with a publicly committed lot size, as are found on most
auction websites today. By making specific distributional assump-
tions about bidders’ valuations, we are able to derive detailed re-
sults about optimal lot-sizing polices that are informative to
managers. In addition, we are able to develop a Bayesian learning
mechanism for analyzing auction data to improve the design
parameters of future auctions.

3. Model formulation and analysis

Suppose that a firm has an inventory, x0, of units it would like to
sell via auction. It can offer the entire lot in one auction, or it can
split the lot among multiple separate sequential auctions spread
over a longer period. Running several auctions potentially exposes
the inventory to more demand, thus increasing prices and revenue.
On the other hand, each additional auction incurs both fixed costs
and per unit costs for the units held in inventory and carried over
from period to period. A firm must balance these opposing effects
when deciding how many units to offer in an auction. In making
the lot-sizing decision, the firm also implicitly determines the
number of auctions it conducts.

To address this question, we develop a multi-period model of a
firm auctioning off an initial inventory of a product. For the read-
er’s convenience notation is listed in Table 1. Each period is of
duration t, and at the end of each period there is an auction of
duration ta that is included within t. For example, every 10 days
the firm conducts a one-day auction that starts at the end of the
ninth day. Following Etzion et al. (2006) we assume the following:
bidders have independent private values for the good being sold
and are risk neutral; bidders’ valuations follow a uniform distribu-
tion; bidders in one auction are independent of bidders in other
auctions; they have single-unit demand; and the number of bid-
ders (or demand) in each period is a constant, n.

We also assume that auctions are conducted using a sealed-bid
(k + 1) – price format. In the (k + 1) – price sealed-bid auction the
dominant strategy is for the bidder to bid his true valuation for
the good. Further, Harris and Raviv (1981) have shown that with
independent private values and risk neutral bidders, expected rev-
enue is equivalent to that of the Yankee auction which is another
name for multi-unit, discriminatory, English auctions. In a Yankee
auction each winning bidder pays their own bid price and bidding
is open. This is a common format for multi-unit online auctions
(Easley and Tenorio, 2004). The implication of revenue equivalence
is that, from the perspective of the seller’s revenue, modeling the

online auction as a k + 1 price sealed-bid auction will yield accurate
results. However, we note that the actual bids will be different in
these two formats, with implications for the Bayesian learning pro-
cedure we develop later. We discuss this further in Section 4. Our
modeling assumptions best suit a situation in which consumers are
shopping for an item, come to the auction, and if unsuccessful go
elsewhere to make the purchase. They do not know whether an
auction will be repeated, or when. They do not linger from one auc-
tion to the next because they need to make their purchase (imag-
ine an office manager trying to equip a new office with a computer
or fax machine). The assumptions of single-unit demand, indepen-
dent private values, and a constant number of bidders are standard
in the auction literature Fatima et al. (2008). In Section 4 we dis-
cuss the sensitivity of our results to these key modeling
assumptions.

Assuming that the seller plans T auctions, let i = 1,2,. . .,T be the
index of the period, and let ki be the auction lot size in period i. In
each period, the auctioneer’s revenue is determined by the number
of units he decides to offer and the auction’s closing price. (A for-
mulation of the model with discounting appears in Appendix 2.)
In any period i in which the seller auctions ki items to n bidders,
we define the expected auction closing price, p(ki,n), and so the
revenue in each period is given by kip(ki,n). Let Ji,T(xi,ki) be the total
profit of the best overall policy from the beginning of period i to the
end of the planning horizon, if the inventory level entering period i
is xi and ki units are chosen to be auctioned off. We denote by J�i;TðxiÞ
the corresponding maximum value of Ji,T(xi,ki) subject to ki2 {0,. . .,
xi}. The firm must select T so that J�i;TðxiÞ is maximized.

Let h be the inventory holding costs incurred by the auctioneer
per unit per time. In each period, the auctioneer incurs a holding
cost of xiht on the current stock. Finally, assume a fixed cost of C
to set up and run each auction, which includes, but is not limited
to, promotion, website hosting fees, and auction monitoring. Com-
bining the revenue and the cost for each period, we can formulate
the problem of finding the optimal lot size policy, for a given initial
inventory x0, recursively as the following deterministic dynamic
program:

Problem P1 :

J�i;TðxiÞ ¼ Max
ki2f0;...;xig;T;x1

J�iþ1;Tðxi � kiÞ þ kipðki;nÞ � htxi � C

for i ¼ 1; . . . ; T

where :

x1 6 x0

xi ¼ xi�1 �minðki�1;nÞ; i ¼ 2; . . . ; T

ki 6 xi and xi; ki integer

ð1Þ

The lot size ki may not exceed the current inventory level xi; the
seller cannot auction items he does not possess. If x1<x0, the firm
scraps x0–x1 units before starting the auctions. In practice the seller
will not know the bidder valuation distribution and thus will have
considerable uncertainty about the auction closing price p(ki,n). One
of the advantages of an online auction is that it is easy to collect
information about bidders’ behavior for the purpose of analysis.
This information gives the seller feedback on the accuracy of his
understanding of the market. We now build upon the formulation
of Problem (P1) to formulate a general model of how a seller can
incorporate bid observations into the management of sequential
auctions.

Define Hi 2 Rhi as the information set from the bid history
through period i � 1 used by the seller in updating his beliefs about
the bidder valuation distributions, where hi could be any integer
from 1 to i�n. Given a new set of final bids Bi from period i, we
can define the process of incorporating it into Hi as a function
IiðHi;BiÞ : Rhi �Rn ! Rhiþ1 , with Hi+1 = Ii(Hi,Bi).

Table 1
Notation.

ki Number of items to auction in auction i
T Number of sequential auctions to run
xi Number of items available for auction i.

For i = 1, a decision; for i > 1 (derived from ki)
n Number of bidders in each auction
h Unit holding cost per unit time
t Interval between the start of each auction
p(ki,n) Expected auction closing price given n bidders and ki

units auctioned
C Fixed cost of running each auction
x0 Initial inventory before any auction occurs
Hi Information set from bid history used by seller
h Parameters of the bidder valuation distribution
gi(h) Joint pdf of the parameters of the bidder valuation

distribution after i � 1 auctions
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We define gi(h) as the joint pdf of the parameters h of the bidder
valuation distribution after i � 1 auctions. The functions gi(h) are
determined by Bayesian updating after observing a new set of bids
as follows:

giþ1ðhÞ ¼ giðhjHiþ1Þ: ð2Þ

We formulate the seller’s optimization problem as follows:

Problem P2 : J�i ðxi;HiÞ ¼ Max
ki2½0;xi �;x1

Eh EHiþ1
J�iþ1ðxi � kiÞjh;Hi
� ��

þkipðki;n; hÞ� � Xi

J�x0
ðxx0 ;Hx0Þ ¼ Max

kx02½0;xx0 �
Eh½kipðki;n; hÞ� � Xx0

for i ¼ 1; . . . ; x0

where :

x1 6 x0

xi ¼ xi�1 �minðki�1;nÞ; i ¼ 2; . . . ; x0

ki 6 xi and xi; ki integer

ð3Þ

Here : Xx0 ¼
htxi þ C when xi > 0 and ki > 0
0 when xi ¼ 0
htxi when ki ¼ 0 and xi > 0

8><
>:

The problem is formulated as an x0 period dynamic program be-
cause the number of periods in which the seller conducts auctions
is unknown at the outset but will not exceed the number of units
in the initial inventory, as the seller must offer at least one item
to conduct an auction. Note that since it is possible to scrap excess
inventory at the start (by choosing x1 < x0), it is suboptimal to not
run an auction in a period if inventory is available. Problem (P2)
is a general formulation of how a seller can use bid information
to update his knowledge about bidders and allocate inventory to
auctions.

In order to make it possible to derive specific results that will
grant us insight into the potential benefits of using bid information
in this way, we make the following assumptions about the seller’s
learning from the bidder valuation distribution. First, we assume
that the valuation distribution is uniform on [l–s,l + s]. Second,
we assume that the mean, l, is known but the range (or disper-
sion), s, of the distribution is unknown. Third, we assume that
the prior distribution on the dispersion is uniform. Finally, we as-
sume that the information set used, Hi, is the largest deviation from
the mean observed thus far.

We focus on learning the dispersion of consumers’ valuations
for the following reasons:

1. We show later (in Proposition 1) the importance of this disper-
sion in determining the optimal lot-sizing policy.

2. The dispersion significantly influences the seller’s price risk.
High dispersion, small numbers of bidders, and large lot sizes
all increase the probability that the auction price will be deter-
mined by bidders drawn from the left tail of the valuation dis-
tribution (Vakrat and Seidmann, 1999a,b).

3. Previous research on auctions (Wang, 1993) has shown the
impact of the variance in bidders’ valuations on the efficacy of
auctions.

4. We expect that the auctioneer would have a good sense of the
mean of consumers’ valuations, but the dispersion would be
more difficult to estimate. Most items offered via Internet auc-
tions can be related to publicly available prices (e.g., alternative
posted-price channels), so the seller should be able to form a
reasonable estimate of the mean. Selling items via a posted-
price mechanism, however, does not provide the seller with
explicit reservation price information and therefore does not
guide him with respect to the underlying dispersion of consum-
ers’ valuations.

Assuming that the prior on the dispersion parameter is uniform
creates a good test of the learning procedure. Using the largest
deviation observed so far as the information set for the learning
procedure keeps the state space small and simplifies the computa-
tions required.

Given the above assumptions we can precisely define the learn-
ing process as follows. Each time the online auctioneer runs an
auction, he observes a random draw of the population’s reservation
prices (vj’s). Let Yi be the observed maximum distance from the
mean:

Yi ¼maxfjv j � lj : j ¼ 1; . . . ;ng for i ¼ 1; . . . T�:

In the first period, the auctioneer’s prior on s is g1(s) = 1/
(b � a),s 2 [a, b]. During one auction, the auctioneer observes n dif-
ferent reservation prices. Conditioned on s, the cumulative distribu-
tion of Y1 for n random draws is

Fðy1 n; sj Þ ¼
0 y1 > s;

ðy1=sÞn y1 6 s:

�
ð4Þ

The observed signal (the maximal deviation from the mean) from
each auction is denoted by yi. We can now use Bayes’ formula to cal-
culate the auctioneer’s posterior on s for the second period. To sim-
plify the expressions, we define a1 = max(a, y1):

g2ðsÞ ¼ g1ðs y1; nj Þ ¼ g1ðsÞf ðy1 n; sj ÞR
f ðy1 n; sj Þg1ðsÞds

¼
1

b�a
y1
s

� �n�1 n
sR b

a1

y1
s

� �n�1 n
s

1
b�a ds

¼ s�n 1
an�1

1

� 1

bn�1

� ��1

ðn� 1Þ for s 2 ½a1; b�:

The limits of the integral in the likelihood function are a1 to b. As the
auctioneer observed a maximal deviation of y1, he is positive that s
is at least as large as the maximum of that observation or the prior
lower bound a. The next period’s auction thus adds new informa-
tion about the spread of the consumers’ valuations only if the auc-
tioneer observes a reservation price that is farther away from the
mean than any he has seen so far (in all preceding periods). In gen-
eral, for each period we define a lower bound on s,li = max{li � 1,yi},
i = 1,. . .,T*, where l1 = y1. Using Bayesian updating, we can obtain the
posterior distribution of s for each period in the auction sequence.
After i periods, the auctioneer’s posterior (which is period i + 1’s
prior) for the spread of consumers’ valuations (s) is

giþ1ðsÞ ¼ giðs lij Þ ¼ s�in 1

maxða; liÞin�1 �
1

bin�1

 !�1

ðin� 1Þ

for s 2 ½maxða; liÞ; b�: ð5Þ

Knowing the posterior distribution, the auctioneer can calculate his
updated estimate for the dispersion of consumers’ valuations. We
can see from Eq. (5) that the distribution of s is completely specified
by li and i because the number of bids in each period is known to be
n. In this case, the number of auctions will not be determined
beforehand. Period i determines how many bids have been ob-
served so far, and li gives a lower bound on s. The solution to the en-
tire planning problem is given by J�1ðx1; l1Þ. The maximum number of
auctions is x1, since at least one unit must be auctioned in each auc-
tion. Thus, even though the number of auctions is stochastic, we can
calculate J�1ðx1; l1Þ using the finite-horizon dynamic program Prob-
lem (P2), in which J�i ð0; liÞ ¼ 0. J�i ð0; liÞ ¼ 0 simply means that no
more auctions are conducted once the inventory has been
exhausted.

As a baseline, we next consider the case in which the bidder val-
uation distribution is uniform with known parameters, Problem
(P1). It is typically more difficult to derive structural results for fi-
nite-horizon dynamic programs than for those with an infinite-
horizon. The analysis of P1 will show that the problem we are
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considering has the added complexity that the horizon is endoge-
nous to the problem. Adding the Bayesian learning in Problem (P2)
forces us to resort to numerical analysis. Hence, when we consider
the case in which the bidder valuation distribution is uniform with
known mean but unknown dispersion, we present a representative
set of numerical results to illustrate the potential of using Bayesian
learning in this setting.

3.1. The bidder valuation distribution is uniform with known
parameters

We start with determining the price in a single multi-unit auc-
tion. Suppose there are n bidders with values independently and
uniformly distributed on [l � s, l + s], where l is the mean of
the distribution and s is its dispersion. We assume that each bidder
has demand for only one unit, and the auction follows a sealed-bid
k + 1 price format. In such an auction, for k < n items, the k highest
bidders win an item, and the auction’s closing price is given by the
k + 1 highest bid. Under these assumptions, it can be shown (see
Appendix 1) that, for lot size k and n bidders, the expected closing
price, p(k, n), is given by the following:

pðk;nÞ ¼
lþ s� 2smðkþ 1Þ for k < n
0 otherwise;

�
ð6Þ

where m = 1/(n + 1). We can see in (6) that the expected auction
price pa increases with l and n and decreases with k. If k > n, the
products are sold at the auction’s reserve price, which we assume
to be l–s. Note that m is a measure of the competition in the auc-
tion; more bidders and correspondingly stronger competitive forces
result in a smaller m (0 < m < 1). When the auctioneer offers an
additional unit for sale, there is a negative market impact (i.e., a
reduction in the closing price) of 2sm. This impact is inversely re-
lated to the number of bidders. We henceforth refer to m as the
marginal market impact. Given the bounded closing price function
in Eq. (6) above, the integrality constraint on the lot size, and the
fixed demand of n, it is not possible to derive an analytical expres-
sion for the optimal lot size policy. Yet by making some simplifying
assumptions, we can derive analytical characterizations of how the
optimal lot size in each auction depends on the problem’s parame-
ters. We later show that these assumptions do not limit the gener-
ality of our results.

Assumption 1. The lot size in each auction ki can be non-integer.

Assumption 2. We assume parameters are such that it is never
optimal to sell ki P n in any auction.

Assumption 1 introduces a rounding-off error into our solution
but does not change the qualitative nature of the results. Assump-
tion 2 is not very restrictive and serves only to eliminate cases in
which the firm would be forced to scrap units. When the condition
in Assumption 2 is violated it is impossible to derive closed-form
analytical results, but we find in numerical experiments6 that the
model’s behavior is the same as when the condition holds. We
therefore believe that the observations we make about the model’s
behavior based on Proposition 1 (below) and Assumptions 1 and 2
will hold in general.

Remark 1. If the firm conducts T auctions, then ki > 0 for all
i = 1,2, . . .,T. Because of holding costs, ki would never be zero if
kj > 0 for some j>i.

Remark 2. In the optimal policy the firm sells the entire remaining
inventory in the last period; i.e., kT = xT.

If the firm does not auction the entire remaining inventory at
the start of period T, then it must be optimal for the firm to scrap
some of its inventory. If this were the case, it would have been
preferable to scrap it before the first auction and avoid the holding
costs of carrying it through to period T.

The following proposition defines the optimal profit of the
auctioneer.

Proposition 1. Given Assumptions 1 and 2, define T* to be the
optimal number of auctions to conduct. Then the optimal lot size in
each period i = 1, . . .,T*, is given by

ki ¼
xi

T� � iþ 1
þ htðT� � iÞðnþ 1Þ

8s
; ð7Þ

We also have that T* = ArgMax{J1,T(x1)} for T 2 Tf, where Tf is the set of T

such that xi P xi
T�iþ1þ

htðT�iÞðnþ1Þ
8s for all i 6 T. The auctioneer’s resulting

profit from period 1 to period T is given by

J1;Tðx1Þ ¼
TðT2 � 1Þ

6
ðhtÞ2ðnþ 1Þ

16s
þ lþ s� 2s

nþ 1

� �
x1

� 2sx2
1

Tðnþ 1Þ �
ðT þ 1Þhtx1

2
� TC: ð8Þ

Proof. See Appendix 1. h

Given an optimal number of periods, T* (obtained by maximiz-
ing Eq. (8)), we can analyze the form of the optimal lot size in each
period. The first term of Eq. (7) represents a lot size policy that is
constant across all periods. Such a policy is achieved if the auction-
eer splits the inventory remaining at the beginning of each period
across the number of periods that are left until the end (e.g., in per-
iod 1 it is 1/Tx1, in period 2 it is 1

T�1 x2, etc.). The lot size decision
affects the entire profit from that period on; the additional term
corrects for this. The corrections are monotonically decreasing in
the period’s index; i.e., early periods will have larger lot sizes. Tak-
ing ki � 1–ki, we can show the following.

Corollary 1. The optimal lot sizes determined in Proposition 1
decrease monotonically by a constant amount (ht)/(4sm) from period
to period.

Proof. See Appendix 1. h

We observe that higher inventory costs (h) result in a stronger
correction; more units are moved toward early periods. Recall that
0 < m < 1 and that a lower m implies more bidders. Also, according
to Eq. (6), more bidders imply more competition and consequently
a higher closing price. With larger n, the gap between the lot sizes
of an early auction and a later auction increases, and more units
can be offered in each auction without significantly affecting the
price. Corollary 1 shows that as the number of bidders per auction
increases, more units can be shifted to early periods in order to
save on total inventory holding costs. According to Proposition 1,
given an optimal number of auctions, T, the optimal lot size in each
auction is independent of l but dependent on s. Higher dispersion
in consumers’ valuations (s) results in fewer units shifted toward
early periods. Greater dispersion creates an opportunity for the
auctioneer to obtain higher closing prices on average, because if
he is able to attract enough bidders, there is a higher probability
that he will get bidders with high valuations. As a result, high dis-
persion creates stronger incentives to balance the lot sizes across
periods, since deviating from the single-period optimum means
greater loss of revenue. At the same time, large lot sizes increase
the risk of the price being determined by a low bid. This is a further
incentive for the auctioneer to try to balance the lot size when the
dispersion is high.

6 Our numerical experiments show that once inventory has been reduced enough,
the lot size drops below n and then decreases until it reaches 0, following Eq. (7).
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3.2. Numerical experiments when the bidder valuation distribution
known

To demonstrate the benefit of optimizing the lot sizes, we con-
duct a series of numerical experiments in which we compare the
profit achieved using our optimization model and the profit
achieved using a naïve constant lot size policy. We use a base case
scenario in which the initial inventory is x1 = 30, l = $100, s = $50,
C = $50, h = $15, n = 10, and t = 1. In Table 2 we compare the results
with a constant lot size versus those for the optimal lot size to
illustrate what a solution looks like (quantities have been rounded
for easier display). We see that it is optimal to dump two units be-
fore implementing a constant lot size policy and conduct five auc-
tions. With optimal lot-sizing we see that it is optimal to dump one
unit and then run progressively six smaller auctions. In Fig. 1a–d,
we show the percentage improvement in profit of the optimal pol-

icy over the constant lot size policy as we vary the parameters h, n,
s, and C, respectively. For example, in Fig. 1a we see that if the
holding cost per unit time is h = $15, as in the base case, then the
profit from using the optimal policy is 5.4% greater than the profit
from the constant lot size policy. Fig. 1b reveals that if we reduce
the number of bidders in the base case to 6, the optimal policy pro-
vides a 5.5% improvement over the constant lot size policy.

To determine the optimal policy, we solve the problem formu-
lated in Eq. (1) for different values of x16 30, choosing the initial
inventory that maximizes profits. If the optimal starting inventory
is less than 30, the firm scraps some of the original inventory be-
fore starting the auctions. To determine the constant lot size policy,
we use the profit maximizer of all policies of the form ki = K for
i = [1, int(x1/K)], and if x1mod K > 0, then kint(x1/K) + 1 = x1 mod K,
where K = [1, n], and int() is the integer part function. This means
that in some cases, in the last period, the constant lot size policy

Table 2
Base case solutions, optimal lot-sizing versus constant lot-sizing.

Period Constant lot size Optimal Cumulative profit

Inventory Lot size Price Inventory Lot size Price Constant policy Optimal

1 28 6 $86 29 7 $77 $46 $54
2 22 6 $86 22 6 $86 $182 $190
3 16 6 $86 16 5 $95 $408 $375
4 10 6 $86 11 4 $105 $724 $580
5 4 4 $105 7 4 $105 $1,034 $845
6 0 0 0 3 3 $114 $1,034 $1,092
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Fig. 1. Percentage improvement in profit over the constant lot size policy from using the optimal lot-sizing policy as a function of (a) holding costs, (b) the number of bidders
per auction, (c) the spread of bidders’ valuations, and (d) the fixed cost of a single auction.
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has different and smaller lot sizes than in all earlier periods. Each
constant lot size policy is checked for all possible values of x16

30 to allow for the initial scrapping of some inventory.
Fig. 1a shows that when holding costs are low there is little dif-

ference in the lot sizes used in both approaches. This is because it is
optimal to have many small auctions, and there is not much incen-
tive to vary the lot size from period to period. As holding costs in-
crease, both policies require reducing the number of auctions, but
the optimal policy is to have larger lots early on, to reduce holding
costs. The benefit of optimal lot-sizing thus increases. When hold-
ing costs increase, it becomes optimal to scrap some of the inven-
tory rather than hold it for sale in future auctions, but more
scrapping occurs using the constant lot size policy. When holding
costs are very large, the optimal number of auctions to hold is
low for both policies, and the results converge.

Fig. 1b illustrates the effect of the number of bidders. When
there are few bidders, using the optimal policy is more important,
because it takes the market impact of the lot size into account. As
the number of bidders increases, the two policies converge to a
smaller number of auctions with large lot sizes. The oscillations
in Fig. 1b are caused by integrality and diminish as n grows.

In Fig. 1c we see the effect of changing the spread of the bidders’
valuations. When the spread is small, the low end of the valuation
distribution is close to the mean valuation. Since we are using a
(k + 1) – price auction mechanism, the risk of a low auction price
is reduced, making larger lots and fewer auctions preferable. In this
scenario there is minimal uncertainty, and therefore little advan-
tage from the optimal lot-sizing policy. When the valuation spread
increases, it is better to conduct more auctions with smaller lots,
and the benefits of the optimal policy increase. The non-monoto-
nicity of Fig. 1c is due to integrality effects and the countervailing
effect of the possibility of higher auction prices when the spread
increases. To understand this, it is helpful to look at Eq. (6), the ex-
pected price formula. The derivative of Eq. (6) with respect to the
spread (s) is 2(n � k)/(n + 1) � 1. It is positive for k < (n � 1)/2
and negative for larger k.

Fig. 1d shows the effect of the fixed cost of running each auc-
tion, C. There is a steady decline in relative performance differ-
ences as C increases because higher auction costs lead to fewer
auctions and more upfront dumping. This leaves little room for sig-
nificant differences between the two auction policies.

To summarize, when the number of bidders is low relative to
the inventory, when the bidder valuation distribution has high var-
iance, or when inventory carrying costs are high, using a lot-sizing
optimization such as ours can yield significantly greater benefits
than a more naı̈ve constant lot size policy does.

3.3. Numerical investigation when the bidder valuation distribution is
uniform with known mean and unknown range

To illustrate the potential of using auction feedback in sequen-
tial auctions, we conduct a set of numerical experiments. We as-
sume that in each auction the spread of customers’ valuation
distribution is an unknown constant, s, with a prior distribution
that is uniform on [a,b], where a and b are known. We then com-
pare three scenarios: full-information (this ideal serves as a bench-
mark), auction feedback (using the Bayesian updating model), and
constant lot sizes. We show that using auction feedback can pro-
vide increasing benefits when the number of bidders is smaller
and holding costs increase. Auction feedback can also lead to lot-
sizing polices that are very different from those developed when
the valuation spread parameter is assumed to be fixed.

In the full-information scenario, we assume that the actual va-
lue of s (a 6 s 6 b) is known when the auction is conducted. The
full-information scenario therefore serves as an upper bound on
the profit the auctioneer can receive. With the constant lot size
policy, the auctioneer distributes the initial inventory equally
across all the sequential auctions as in Section 3.2, and the number
of auctions run is selected so that the expected profit is maximized
over all possible values of s. In the auction feedback scenario, we
solve Problem (P2) to update the distribution of s each period
based on the bids observed so far. As in Section 3.2, we solve
Problem (P2) for all possible values of x0 and choose the profit-
maximizing x0 to allow for inventory scrapping. For these experi-
ments, we use the following set of parameter values: l = $100,
C = $50, h = $15, n = 10, and t = 1, with s uniform on [a = 1, b = 99].

In Fig. 2a and b and Fig. 3 we plot the percentage revenue
improvement over the constant lot size policy with no feedback,
for the full-information and auction feedback scenarios, as a func-
tion of the unit holding costs, number of bidders, and the mean
bidder valuation, respectively. We observe the advantages of opti-
mal lot-sizing and information, and how the various parameters af-
fect the accuracy of the feedback mechanism. Getting the lot size
‘‘right” depends on knowing the valuation distribution or, s, and
has the largest relative impact (what is being graphed) when profit
margins are narrow, i.e., mean bidder valuations are low. We also
see in the figures that the percent improvement in overall profits
over the constant lot-sizing policy increases with holding costs, de-
creases with the number of bidders and decreases with the mean
bidder valuation. Conversely, when the holding costs are low, there
are many bidders, or bidders have high valuations, the seller makes
a large profit regardless of the approach he uses. In these cases
then the relative benefit of using the learning algorithm and there-
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Fig. 2. Percentage improvement in profit over a constant lot size policy when the auction feedback mechanism is used and when there is full-information about the valuation
dispersion parameter s, as a function of: (a) holding costs (h), and (b) the number of bidders per auction (n).
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fore of knowing s, is less important. As expected, the full informa-
tion case provides higher profits relative to the feedback learning
model and the feedback case converges to the full-information
benchmark as the number of bidders, or the mean bidders’ valua-
tion increase.

The gap between the performance of the feedback mechanism
and the full information case indicates the accuracy of the learning.
The accuracy is driven by the sample size available to the learning
procedure. When the holding costs are high or and when bidder
valuations are low it will be optimal to dump some of the inven-
tory up front and conduct fewer auctions. As a result a larger pro-
portion of the units will be sold in the first auction before any
learning can occur. When the number of bidders is small the seller

simply will learn more slowly and thus have a less accurate per-
ception of the dispersion s.

In Fig. 4a and b, we fix the expected value of s and vary its coef-
ficient of variation by adjusting the parameters a and b. In Fig. 4a,
the distribution of s centers on 25, and in Fig. 4b, it centers on 50.
Three things are happening here. First, as the uncertainty in s in-
creases, it is harder for the feedback mechanism to learn s, and
the gap in performance between the auction feedback and full-
information cases increases. Second, greater uncertainty in s also
increases the benefit of the auction feedback mechanism over the
constant lot size policy, which does not use learning. Finally, the
auction feedback mechanism with optimal lot sizing does better
when the spread in the bidders’ valuations is lower, i.e., E[s] smal-
ler, because it can set larger lots in early auctions without as much
price risk.

To summarize, we see in Figs. 2–4 that the auction feedback
mechanism works quite well in many settings. Furthermore, even
when it has difficulty achieving results close to those in the full-
information case, it still significantly outperforms the constant
lot size policy.

In Section 3.2, when we assumed that the valuation spread
parameter was known, we found that the optimal lot sizes de-
creased with each auction. When the auction feedback mechanism
is used, this is not necessarily the case. In Table 3 we display a sam-
ple path of the solution of the auction lot-sizing problem with
feedback using the same parameters as in the results displayed
in Figs. 1–4 (l = $100, C = $50, h = $15, n = 10, and t = 1) and with
s = 26 For each period, we list the starting inventory, largest spread
observed thus far, optimal number of auctions given the current
distribution of s, optimal lot size, expected bid price, and expected
value of s given the observed bids.

We observe (in Column 4) that the optimal number of auctions
dynamically changes. Initially (before the start of auction 1), six
auctions are planned, but after one auction is observed, the optimal
remaining number of auctions is revised down to three (i.e., ending
with auction four). The number of auctions changes repeatedly. We
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Table 3
An example of a sample path of the optimal lot size and the optimal number of auctions when using auction feedback.

Period Starting inventory Largest observed spread li Optimal number of remaining auctions Optimal lot size Price E[sjli]

1 30 0 6 7 77.05 50.0
2 23 19.8 3 9 83.12 22.28
3 14 25.3 3 6 96.4 26.72
4 8 25.3 2 5 114.12 26.7
5 3 25.7 2 2 116.97 26.46
6 1 25.7 1 1 103.64 25.8
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also observe (in Column 5) that the optimal lot size does not
change monotonically. The lot size increases after the first auction
and then decreases. It increases because after the first auction, the
expected value of the valuation spread, s, is revised downward
from 50.0 to 22.28. A smaller spread reduces the risk of low prices
and therefore makes a larger lot size more attractive. In Column 7,
we see how the auctioneer’s belief about the expected value of s
rapidly converges with more observations. For example, after
observing a maximum valuation spread of $25 in three successive
auctions (30 observations), the probability of seeing a spread of
more than $26 can be calculated using Eq. (5) and shown to be less
than 10%.

4. Discussion of modeling assumptions

The performance results of the auction feedback mechanism we
have used are, of course, dependent on our modeling assumptions
and limited to the numerical experiments we have conducted. We
have assumed that the seller observes all the bidders’ true reserva-
tion values. As we discussed earlier, in practice, there is some cen-
soring of reservation value data because most auctions are not
sealed-bid k + 1 price auctions and some bidders may not get the
opportunity to bid up to their reservation values. An avenue for
further research would be to relax some of these assumptions
and to develop tools for applying the auction feedback approach
in practice. Our work here has demonstrated some of the potential
for such tools.

We also have assumed that the bids made in one auction are
independent of bids made in earlier auctions. We know that in
practice this is not strictly correct, as some losing bidders may
try again in later auctions. The main concern for us, regarding
these repeat bidders, is not that they exist but rather do they al-
ter the bidder valuation distribution from auction to auction in
some significant way? We do not believe this to be a significant
effect. To understand why, it is useful to contrast the online set-
ting with the traditional physical world sequential auction. In a
traditional auction a fixed number of people are present at the
same location for a relatively short time to participate in a se-
quence of auctions. In such an environment there are a variety
of strategic actions bidders might take. They could shade their
bids below their reservation values in anticipation of the future
auctions with less demand, as some participants may be satisfied
already. They might also bid to signal other participants about
their willingness to pay for certain items. In the online setting
the auctions occur across much longer time frames. there is a
constant flow of new participants, and there is uncertainty about
if and when additional auctions will ever take place at all. This
means that the cost of waiting for future auctions is greater
and it is unclear who you are signaling with your bid and the va-
lue of the signal. Thus we believe the incentive to engage in such
behaviors is diluted.

One could argue that for many goods sold in online auctions the
bidders know there will be future and even concurrent auctions for
the same or very similar items regardless of what one individual
seller does. These outside options should lead to a reduction in
the reservation value of those bidders who are willing to wait for
a ‘‘bargain”. From our perspective these behaviors should manifest
themselves in the valuation distribution, but are stationary –
whenever the market is in an equilibrium.

For the reasons given above, we do not believe that bidders
waiting for bargains in future auctions will be a major factor. How-
ever, if they were a major factor, we conjecture that they would
have two main effects. First, this phenomenon would make it opti-
mal to have even more units in the earlier auctions. This will dis-
courage bidders from ‘‘waiting around” and will reduce holding

costs. Second, the Bayesian learning procedure will have to be sig-
nificantly changed because each auction will represent a sample
from a different valuation distribution. All in all, the behavior of
consumers at sequential auctions remains rather poorly under-
stood. We see few robust findings, and little ability to discriminate
between the different proposed theoretical explanations of this rel-
atively new economic phenomenon (Houser and Wooders, 2005;
Seifert, 2006).

We have also assumed that the number of bidders in each auc-
tion is a constant. It is a characteristic of online auctions that bid-
ders arrive according to a random process (see Pinker et al., 2003).
Although it would complicate our lot-sizing model and turn it into
a stochastic dynamic program, we do not believe that explicitly
modeling the number of bidders in each auction as a random var-
iable will significantly alter our results. In fact, we have tested our
equation for the expected auction closing price with n replaced by
a Poisson random variable with mean n. We found that the result-
ing function of lot size k did not differ much from the deterministic
version (see Appendix 3).

It is also possible that in practice the lot size influences the
number of bidders. Large lots may attract more bidders than small
lots. If that is the case, we believe that it will only reinforce the
importance of using an optimal lot-sizing policy derived from an
optimization model such as Problem (P1). If there is a strong rela-
tionship between n and k, choosing k determines not only the sup-
ply in an auction but the demand as well. We have conducted
experiments with several functional forms for the relationship be-
tween n and k and have found that the marginal benefits of the
optimal lot-sizing policy only increase.

Finally, we have assumed that bidders’ valuations are drawn
from a uniform distribution. We have conducted numerous simu-
lations (see Appendix 3) of the expected price to test the robust-
ness of Eq. (4) with different distribution shapes having the same
mean, min, and max as the uniform distribution we used in our
numerical experiments. We did these tests also using Poisson
numbers of bidders and found little difference in the expected opti-
mal auction closing price as a function of k. We thus have substan-
tial evidence that the qualitative nature of our results is robust to
relaxations of the modeling assumptions and in fact may be stron-
ger than demonstrated here.

5. Conclusions

When conducting online auctions, a firm must determine the
lot size for each auction and the number of auctions to run. To ad-
dress these important issues, we develop a multi-period dynamic
optimization model of the multi-unit auction management prob-
lem. We find that when auctioning multiple units of the same
product, simultaneously optimizing lot sizes and the number of
auctions can result in significant economic benefits for the seller.
We also show that the optimal lot size is monotonically non-
increasing across sequential auctions when the distribution of
the bidders’ valuations is known. Another interesting observation
is the sensitivity of the total profit to the total number of auctions
regardless of whether the lot sizes are chosen optimally or are
identical. Having too few auctions, leads to a larger lot size per auc-
tion with a negative impact on the closing price. Splitting the initial
inventory across too many auctions, results in excessive holding
and administrative costs.

Our analysis and previous work on auctions indicate the impor-
tance of the variance in bidders’ valuations on the outcomes of auc-
tions. This explains why having the correct estimate for the
dispersion of bidders’ valuations is important in determining the
optimal lot size. Online auctions offer an effective mechanism for
collecting extensive detailed data about bidders’ actual valuations,
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which then can be used to estimate the dispersion in customers’
valuations. To exploit this information, we extend our model to in-
clude a Bayesian framework for incorporating the results of previ-
ous auctions as feedback into management decisions for
consecutive auctions of the same item. The number of future auc-
tions and the corresponding lot sizes are updated after each auc-
tion. Numerical experimentation shows that incorporating
Bayesian analysis into the multi-period, multi-item optimization
model results in substantial benefits to the seller, primarily when
the number of bidders is relatively small, holding costs are high,
and there is a relatively large spread in bidders’ valuations. Our
work serves as a proof of concept that incorporating bidding infor-
mation into auction management has a significant potential to in-
crease sellers’ profits.

There are several interesting avenues for future research in this
area. We have not discussed other potential ways of mining de-
tailed bidding information during or after an auction. In addition,
we have not included the minimum bid and reservation price as
endogenous design parameters, despite the fact that they may
influence bidders’ participation. Yet another important and related
question involves finding ways that auctioneers can increase the
number of bidders through advertising and price promotions. Gi-
ven the way in which Internet technologies allow for unprece-
dented innovations in business practices, the optimal
management of online auctions will continue to be a fruitful area
of research.
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